LOCAL MOVES ON KNOTS AND PRODUCTS OF KNOTS 



LOUIS H. KAUFFMAN AND EIJI OGASA 

Abstract. We show several relations between local moves on 1-dimensional knots and 
those on high dimensional knots related by products of knots. 



1. Introduction 

We show several relations between local moves on 1-knots and those on high dimen- 
sional knots (defined in [T9j [2TJ [23] ) related by knot products (defined in [HI [9]). 



The local moves on 1-dimensional knots (or links) that we discuss are crossing-changes 
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and pass-moves, which are introduced in [10] (see $3] of this paper): In the pass- move, 
two 1-dimensional knots (or links) K + and K- differ only in a 3-ball as shown below. 
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Local moves on high dimensional knots (or codimension two submanifolds in a high 
dimensional standard sphere) that we discuss are twist-moves, (p, g)-pass-moves, and 
ribbon- moves. These are defined and are discussed in [TOl [201 Ell E21 E31 [21] (see §1]). 
The (p, g)-pass-moves on n-dimensional knots (or n- dimensional submanifolds in S n+2 ), 
where p + q = n + 1 and p,q,n G N, are as follows: See £jl]for detail. Two n-dimensional 
knots (or n-dimensional submanifolds in S n+2 ) K + and K_ differ only in the (n + 2)-ball 
B n+2 as shown in the following figures. (B sometimes denotes B n+2 .) B R K + (resp. 
B fl KJ) is diffeomorphic to the disjoint union of S n ~ p x D p and S^ 1 x D n+1 ~ p . Take 
an (n + l)-dimensional p-handle (resp. an (n + l)-dimensional (n + 1 — p)-handle) which 
is embedded trivially in B n+2 and attached to dB n+2 trivially. Suppose that S n ~ p x D p 
(resp. S^ 1 x D n+1 ~ p ) is dhF^dB^ 1 (resp. dh/^P - dB n + 2 ). We pass the handle /i p 
across /i n+1_p as in the following figures, move S n ~ p x D p and S' p ~ 1 x ]j n+1 ~ p together 
and change K + into K_. 



Figure [TJl is a conceptual figure of a (p, n + 1 — p)-pass-move. Here, denotes /i p in 
B n+2 PI Figure [TJ2, which consists of the two figures (1) (2), is another conceptual 
figure of a (p, n + 1 — p)-pass-move. Note that (1, l)-pass-moves are same as pass-moves 
on 1-knots (1-links). 



BHK. 




BHK. 




S n-p x D p 

dhi - dB 



S P-1 x D n+l-p 

= dh n + l -p - dB 



Figure [Hi 

A (p, n + 1 — p)-pass-move on an n-dimensional submanifold C S n+2 . Note 
B = B n+2 = D n+2 C S n+2 . This figure includes h p + and h n+1 ~ p . 
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D 1 = [0, 1] 









S n ~ p X ^y/^/^^ 










gp-1 x jjn+l 



















D p 

This cube is B = D n+2 = D 1 x D p x D n+1 ~ p 

B n K< 



Figure HJ2.(1) 

A (p, n + 1 — p)-pass-move on an n-dimensional submanifold C S" 
Note 5 = 5 n+2 = L> n+2 C S n+2 . 
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BC\K_ 



Figure [TJ2. (2) 

A (p, n + 1 — p)-pass-move on an n-dimensional submanifold C S 
Note B = B n+2 = D n+2 C S n+2 . 
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The twist-moves on (2p + l)-dimensional knots (or codimension two submanifolds in 
S 2p+3 ) are as follows, where p G NU{0}. See §Hfor detail. Two (2p+l)-dimensional knots 
(or codimension two submanifolds in S 2p+3 ) K + and K_ differ only in the (2p + 3)-ball 
B 2p+3 as shown in the following figures. (B sometimes denotes B n+2 .) B fl K + (resp. 
Br\K_) is diffeomorphic to S p x D p+1 . Take a (2p + 2)-dimensional (p+ 1) -handle which 
is embedded trivially in B 2p+3 and attached to dB 2p+3 trivially. Suppose that S p x D p+l 
is dh p+1 — dB 2p+i . Note that we can twist the handle h p+1 in B once (see §H]for detail), 
move S p x D p+1 together and change K + into K_. 

Figure [U3, which consists of the two figures (1) (2), is a conceptual figure of a twist- 
move. The upper half of Figure [TJ4 is another conceptual figure of a twist-move. Compare 
the upper half of of Figure [TJ4 and the lower half. If p = (i.e., n = 2p + 1 = 1), the left 
figure in the upper half and that in the lower half are same. That is, if p = 0, twist-moves 
are crossing- changes on 1-links. We review another local-move on high dimensional knots 
(resp. submanifolds), ribbon-moves in §U 
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Figure 033.(1) 

A twist-move on (2p + l)-dimensional submanifold C S 2p+S . 
Note B = D 2p+3 C S 2p+3 . 
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" S p x D p+l 
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JJP+ 1 



BnK 



Figure [U3. (2) 

A twist-move on (2p + l)-dimensional submanifold C S 2p+3 . 
Note B = D 2p+3 C S 2p+3 . 
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Figure [TJ4 

A twist-move on a 1-link is a crossing-change on a 1-link. 
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The knot products (or products of knots) are as follows (see [HI E])- See §5] for detail. 

Let J (resp. K) be an n-(resp. m-) dimensional knots (or codimension two high 
dimensional submanifolds in S n+2 (resp. S m+2 )) where n,m G NU {0}. We define a 
products of knots (or knot product) of the submanifolds J and K if J or K is a fibred 
submanifold. See fibered submanifolds for £j5j Let J <g> K denote the knot product of J 
and K. J <g> K is defined to be an (n + m + 3)-submanifold C 5 ,ra+m+5 . 

Suppose that n = 2n' + 1 and m = 2m' + 1 (n', m' G N) and that J (resp. K) is defined 
by using a polynomial / : C n +2 — >■ C (resp. / : C m +2 — > C) and the intersection of the 
unit sphere of C n '+ 2 (resp. C m '+ 2 ) and f-\0) (resp. ff -1 (0)). See 0IHCEI]. Then J® AT 
is defined by using f — g. Of course, in §3 we define J <g> X if we cannot define J or K 
by using such a polynomial and if one or two of n and m are even numbers. 

One of our main theorems is the following. If a 1-link K is obtained from a 1-link K' 
by a crossing-change, then K<g>(the Hopf link) is obtained from K'<g>(the Hopf link) by a 
twist-move (see Theorem 12.11 I2.3j) . 

Other results in this paper are as follows: If a 1-knot X is obtained from a 1-knot 
if' by a pass- move, then i^®(the Hopf link) is obtained from K'®(th.e Hopf link) by a 
(3, 3)-pass-move (see Theorem 12. 5p . 

Let K and K' be 1-knots. The 1-knot K is pass-move equivalent to the 1-knot K' if 
and only if K®(the Hopf link) is (3, 3)-pass-move equivalent to if'® (the Hopf link) (see 
Theorem 12.51 and \2.7\i . 

Of course we show more results in other high dimensional cases. 

2. Main results 

We work in the smooth category. Let L = (K%, K m ) be an m-component n- 
(dimensional) submanifold C S n+2 . If m — 1 and if L is PL homeomorphic to the 
standard sphere, then L is called an n-dimensional spherical knot. If each Ki is a spher- 
ical knot, then L is called an n- dimensional spherical link. We say that n-submanifolds 
L and V are identical if there exists an orientation preserving identity map 
id : S n+2 — > S n+2 such that id(L)=L' and id\i '■ L — > V is an orientation and order 
preserving identity map. We say that n-submanifolds L and V are equivalent if there 
exists an orientation preserving diffeomorphism / : S n+2 — > S n+2 such that f(L)=L' and 
}\l '■ L — > L' is an orientation and order preserving diffeomorphism. An m-component 
n-submanifold L = {Li, L m } is called a trivial (n-) link if each Li bounds an (n+l)-ball 
Bi trivially embedded in S n+2 and if Bi D Bj = ^ j). If m = 1, then L is called a 
trivial (n-)knot. 

The following theorems are special cases of our results. 

Theorem 2.1. (This follows from Theorem 18.21 ) Suppose that two 1 -links J and K 
differ by one crossing-change. Then the products of knots, J £8> M {the Hopf link) and 
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K £g> M (the Hopf link), differ by one twist-move, where fi G N U {0}. Here, A®^ B means 
A eg) B... <S> B, which includes \i copies of B, where /iGNU {0}. 

Note. The fact that the two knots differ means that the two knots are not identical. 
There are two cases that the two knots are not equivalent and that the two knots are 
equivalent. 

We review the empty knots in £j5j It holds that [2] (g) [2] is the negative Hopf link in S 3 
(see [H[9] and Theorem 15.31 ) The above Theorem 12.11 follows from the following Theorem 
Oby Theorem E3J 

Theorem 2.2. (Theorem 18.21 ) Take the same J,K in Theorem \2.1\ Then the (2u + 1)- 
submanifolds C S 2u+3 , J ® v (the empty knot [2]) and K ® v (the empty knot [2]), differ by 
one twist-move, where v G N U {0}. 

Theorem 2.3. (Theorem 18.31 ) Let m G NU{0}. Suppose that two (2m + l)-dimensional 
closed oriented submanifolds C S 2m+3 , J and K, differ by one twist-move. Then the 
(2m + 2v + l)-submanifolds C S 2m+2u+3 , J ® u (the empty knot [2]) and 
K ® u (the empty knot [2]), differ by one twist-move. 

Note. Of course, the m = case is Theorem 12.11 

Theorem 2.4. (Theorem 18.61 ) Let p G N. Let K (resp. J) be (2p + 5) -dimensional 
smooth submanifold C S 2p+7 . Suppose that K is a spherical knot. Suppose that K and J 
differ by a single twist-move and are nonequivalent. Suppose that K is equivalent to 
A cg>2 +1 (the Hopf link) for a 1-knot A if p is even 

A cg> (the Hopf link) for a simple 3-knot A if p = 1 (and hence 2p + 5 = 7) 

p—1 

A (the Hopf link) for a simple 1-knot A if p is odd and p^l. 
Then there is a unique equivalence class of simple (2p + l)-knots for K (resp. J) with 
the following properties. 

(i) There is a representative element K' of the above equivalence class for K such that 
K is equivalent to K' ® (the Hopf link). 

(ii) There is a representative element J' of the above equivalence class for J such that J 
is equivalent to J' cg> (the Hopf link). 

(iii) K' and J 1 differ by a single twist-move and are nonequivalent. 

Note. Let K be an n-dimensional spherical knot C S n+2 . If 7r 1 (S' n+2 — K) = Z and if 
^(^+2 - K) = (2 ^ % < |, i G N), then we call K a simple knot. See [IS]. 

Note. There are countably infinitely many (2p + 5)-dimensional spherical knots (p G N) 
which are not the product of any (2p + l)-knot and the Hopf link by [H [9]. 

Note. If p — 0, we have a different situation: There are nonequivalent 1-knots K' and 
J' with the following properties. 

(1) K' and J' differ by two crossing-changes not by a crossing- change. 
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(2) K'^lihe Hopf link) and J'®' 1 (the Hopf link) differ by a crossing-change and are 
nonequivalent. (As we stated before, the twist-move on 1-links is the crossing- change on 
1-links.) 

See Theorem 18.41 

We also prove relations between the pass-move on 1-links and the (p, g)-pass-move on 
high dimensional knots. 

Theorem 2.5. (Theorem 19.11 ) Suppose that two 1-knots J and K differ by one pass- 
move. Then the (4// + l)-submanifolds C S 4>1+3 , J ^ (the Hopf link) and 
K Cg)' 1 (the Hopf link), differ by one (2// + 1, 2// + l)-pass-move (// G N U {0}). 

Theorem 2.6. (Theorem 19.51 ) Let J,K be simple (21 + l)-knots, where I G N. Suppose 
that J and K differ by one (1 + 1,1+ l)-pass-move. Then the (21 + 4/i + l)-submanifolds 
C S 2l+4p+3 , J ® M (the Hopf link) and K ®^ (the Hopf link), differ by one 
(I + 2// + 1, 1 + 2// + l)-pass-move. 

Theorem 2.7. (Theorem 19.111 ) Let // G N. Let K be a spherical (4/i + l)-knot. Let J be 
a (4/i + l)-submanifold C S 4fJj+3 . Let K and J be (2/x +1,2//+ l)-pass-move equivalent. 
Suppose that K is equivalent to K' ® M (the Hopf link) for a 1-knot K' . Then there is a 
1-knot J 1 with the following properties. 

(i) J is equivalent to J' ® M (the Hopf link). 

(ii) K' and J' are pass-move equivalent. 

Theorem 2.8. (Theorem 19. 121 ) Let p G N. Let K and J be (2p + 5) -dimensional smooth 
submanifolds C S 2p+r . Suppose that K is a spherical knot. Suppose that K and J differ 
by a single (p + 3,p + 3) -pass-move and are nonequivalent. Suppose that K is equivalent 

{A (the Hopf link) for a 1-knot A if p is even 

A g) (the Hopf link) for a simple 3-knot A if p = 1 (and hence 2p + 5 = 7) 
p — 1 
A (g)~2~ (the Hopf link) for a simple 1-knot A if p is odd and p ^ 1. 

Then there is a unique equivalence class of simple (2p + l)-knots for K (resp. J) with 
the following properties. 

(i) There is a representative element K' of the above equivalence class for K such that 
K is equivalent to K' ® (the Hopf link). 

(ii) There is a representative element J' of the above equivalence class for J such that J 
is equivalent to J 1 <8> (the Hopf link). 

(hi) K' and J' differ by a single (p + l,p+ l)-pass-move and are nonequivalent. 

Next we discuss a relation between polynomial invariants of 1-links and those of high 
dimensional knots related by knot products. 

Suppose that 1-links K + , K_, Kq differ only in a 3-ball B as shown below. 
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Then the ordered set (K + , K_, K ) is called a crossing-change-triple. We also say that 
the ordered set (K + , K_, K ) is related by a crossing-change in B. 

Let A(K) be the Alexander- Conway polynomial of 1-links K. It is well-known that 

A(K + )-A(K„) = (t-l)-A(K ). 

Note that there is another kind of setting of the variable. Here, we have the following. 

Theorem 2.9. (Theorem 110.11 ) Let K + , K_, Kq be as above. There is a polynomial 
^2/i+i( K* Cg> M (the Hopf link) ) G Q[t, t^ 1 ] whose Q[t, t~ l \-balanced class is the (2fi + 1)- 
Q[t, t' 1 ]- Alexander polynomial A 2fM+1 (K^^ (the Hopf link)) (/i G NU{0}. * = +,-,0.) 
such that 

A 2m +i( K + ®^ (the Hopf link) ) - A 2/ ,+i( K- ^ (the Hopf link) ) 
= (t - 1) • A 2/1+ i( K ^ (the Hopf link) ). 

Note. We review the p-Q[t, £ _1 ]-Alexander polynomial A p for n- dimensional closed ori- 
ented submanifolds C S n+2 in $61 

The above Theorem 12.91 follows from the following Theorem 12.101 by Theorem 15.31 

Theorem 2.10. (Theorem 110.21 ) Let K + , K_, K be as above. There is a polynomial 
A U+1 (K^® U [2}) G Q[M -1 ] whose Q^t" 1 ] -balanced class is the (u+l)-Q[t, t' 1 ]- Alexander 
polynomial A v+l ( ® u [2] ) (i/eNU {0}, * = +,-, 0) such that 

A v+1 ( K + ®» [2] ) - A„ +1 ( K_ ®» [2] ) = (t+ (-l) u+l ) ■ A u+1 ( K & [2] ), 

where [2] denotes the empty knot [2]. 

The above Theorem 12.91 12.101 is connected with the following Theorem 12.111 The 
'/ =even' case is proved in [23J. In this paper we prove the l l =odd' case. 

Theorem 2.11. (Theorem 110.31 ) Let K + be a (21 + 1) -dimensional spherical knot C 
S 2l+3 (l GNU {0}). Let K_, K be (21 + I) -dimensional submanifolds C S 2l+3 . Let 
(K + , K_, Kq) be a twist-move-triple. 

Then there is a polynomial Ai + i(K*) G Q[t, t^ 1 } whose Q[t,t -1 ]- balanced class is the 
(I + 1)-Q[t,t -1 ]- Alexander polynomial A i+1 (K^) (* = +, — , 0) and that 

A l+1 (K + ) - Ai+xOKL) = (t + (-l) l+1 ) ■ A l+1 (K ). 
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Note. We define the twist-move-triple in §H If (K + , K_, K Q ) is twist-move-triple, then 
K + is obtained from K_, and K is [K+ - (<9/i p+1 - dB n+2 )} U (h p+1 n &B n+2 ). See the 
following conceptual figure. In the right B, we move K Q D -B by isotopy. 




This paper is organized as follows. 
^T] Introduction 
P Main results 

£J3] Local moves on classical links 
§4] Local moves on n-knots 
$5] Products of knots 

£0 Review of the Q[t, t _1 ]-Alexander polynomials for n-knots and n-dimensional closed 

oriented submanifolds, etc. 
§7] Some results on invariants of n-knots and local moves on n-knots 
§S] Theorems on relations between crossing-changes and knot products 
§U] Theorems on relations between pass-moves and knot products 

§101 Theorems on relations between local move identities of a knot polynomial and knot 

products 
£fTT1 A remark on case 
£ fT2l Proof of Theorems in £JH] 
£ fT3l Proof of Theorems in £J9] 
5H1 Proof of Theorems in £ fT0l 
£ fT5l Discussion and open problems 

3. Local moves on classical links 

Definition 3.1. ([10].) Two 1-links are pass-move equivalent if one is obtained from the 
other by a sequence of pass-moves. See the following figure for an illustrations of the 
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pass-move. Each of four arcs in the 3-ball may belong to different components of the 
1-link. 




pass-move 




If K and J are pass- move equivalent and if K and K' is equivalent, then we also say 
that K' and J are pass- move equivalent. 

The following proposition is proved in (lUj . 

Theorem 3.2. (|10|.) Let Li and L2 be 1-links. Then Li and L2 are pass-move equivalent 
if and only if Li and L 2 satisfy one of the following conditions (1) and (2). 
(1) Both Li and L 2 are proper links, and 



We review (p, q , )-pass-moves on n-knots (p, q 6 N, p + q = n + 1) and twist moves 
on high dimensional knots. [121 EB 123] defined them. See also [221 121] • Confirm that, if 
(p,q) = (1, 1), (p, g)-pass-moves are pass-moves on 1-links. 

We first define (p, g)-pass-moves on n-knots (p,g 6 N, p + q = n + 1). Let K + , 
Kq be n-dimensional closed oriented submanifolds C S n+2 (n e N). Let B be an 
(n + 2)-ball trivially embedded in S n+2 . Suppose that K + coincides with K_, Kq in 



Arf(Li) = Arf(L 2 ). 



(2) Neither L\ nor L 2 is a proper link, and 



lk(K 1:j , Li - Kn) = lk(K 2j , L 2 - K 2j ) mod2 for all j 



4. Local moves on w-knots 



S n + 2 - B. 
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Take an (n + l)-dimensional p-handle h%(* = +, — ) and an (n + l)-dimensional 
(n + 1 — p)-handle h n+1 ~ p in 5 with the following properties. 

(1) h% PI 95 is the attaching part of h n+l ~ p fl 95 is the attaching part of h n+1 ~ p . 

(2) ^ (resp. h n+1 ~ p ) is embedded trivially in 5. 

(3) h p n /i n+1 ~ p = 0. 

(4) The attaching part of h p + coincides with that of h p _. The linking number (in 5) of 
[h p + U (-/£)] and 

^n+i-p w L se attaching part is fixed in 95] 
is one if an orientation is given. 

Let K*(* = +, -) satisfy that K* n Int5 = - dB)U(dh n+1 ~ p - dB). 

Let P = n(S" +2 -Int5). Let Q = h p + ndB. Let R = h n+1 ~ p ndB. Let T = PUQUR. 
Then T is an n-dimensional oriented closed submanifold C (S n+2 — Int5) C S n+2 . Let 
Kq be T C 5 n+2 . Then we say that if-, K ) is related by a (p, n + 1 — p) -pass-move 
in 5. We also say that (K + , K_, Kq) is a (p, n + 1 — p) -pass-move-triple. We say that 
and differ by one (p, n + 1 — p) -pass-move in 5. 

If if_, i^o) is a (p, n+1 — p)-pass-move-triple, then we also say that (K_, K + , Kq) 
is a (p, n + 1 — p) -pass-move-triple. If fT + and iT_ differ by one (p, n + 1 — p)-pass-move 
in B, then we also say that K_ and differ by one (p, n + 1 — p)-pass-move in B. 

Let if-, i^o) be related by a (p, n + 1 — p)-pass-move in B. Then there is a Seifert 
hypersurface V* for if* (* = +.— .0) with the following properties. 

(1) Vj = y u ftj u (jj = +, -). vjt n 5 = /if u /i n+1 - p . 

(2) V H Int 5 = 0. Vb n 95 is the attaching part of h p U /i rt+1 - p . 
(The idea of the proof is the Thorn- Pontrj agin construction.) 

Then the ordered set (V+, VI, Vb) is called a (p, n + 1 — p) -pass-move-triple of Seifert 
hypersurfaces for (K + , if_, Kq). We say that an ordered set (V+, VI, Vb) is related by a 
(p, n + 1 — p) -pass-move in 5. We say that V_ (resp. V+) is obtained from V+ (resp. VI) 
by a (p, n + 1 — p) -pass-move in 5. 

Note. When we construct if_ and Kq from if + , we make a change only in 5 and we 
do not impose any requirement on diffeomorphism type or homeomorphism type of if_, 
K other than the change only in 5. In this sense, we use the word 'local' in the above 
definition. 

Figure Hll is a conceptual figure of a (p, g)-pass-move. Figure HI 2, which consists of 
the three figures (1) (2) (3), is a conceptual figure of a (p, g)-pass-move-triple. 
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bhk. 




BnK. 




S n-p x D p 

dhi - dB 



SP - 



X 



Jjn+l-p 



dh n+1 ~P - dB 



Figure Hll 

A (p, n + l — p)-pass-move on an n-dimensional submanifold C S n+2 . Note 
B = B n+2 = D n+2 C S n+2 . This figure includes h\ and h n+1 ~ p . 
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D 1 = [0, 1] 











gp-1 x ' D n+-i 
















7 Jjn+l-p 



D p 

This cube is B = D n+2 = D 1 x D p x D n+1 ~ p 
BC\K + 

Figure HI 2.(1): A (p, n + 1 — p)-pass-move-triple 
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BC\K_ 



Figure Hl2. (2): A (p, n + 1 — p)-pass-move-triple 
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D n+l-p x gp-1 





D 1 


= [o,i] / / 




















p 






D P x S n-p 






BDKq 



Figure IU2. (3): A (p, n + 1 — p)-pass-move-triple 
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t=-0.5 



t=0 
K 



t=0.5 



Figure HI 3. (3): A (l,2)-pass-move-triple 

In Figure|H3, which consists of the three figures (1) (2) (3), we draw a (l,2)-pass-move- 
triple. (the p — 1 and n = 2 case). Since (K + , K_, Kq) is related by a (1, 2)-pass-move 
in B, B has the following properties. We regard B as (2-disc)x[0, 1] X {t\ — 1 5= t ^ 1}. 

(i) K + — B, K_ — B, and K — B coincide each other. 

(ii) B fl K + , B fl A_, -B fl -K" are shown as above. 

In the above figures we draw -B-o^nfC*, BoHK*, B . 5 nK*, where i? io = (2-disc) x [0, 1] x 
{t\t = t }. We suppose that each vector x , y in the above figures is a tangent vector of 
each disc at a point. (Note that we use x (resp. y ) for different vectors.) The orientation 
of each disc in the above figures is determined by the each set {x, y }. Around Figure 
4.1 and 4.2 in [21], we wrote more explanation of the figure of B(lK + and that of Br\K_. 

In [2TJ one more local move was discussed, called the 'ribbon-move'. In [2TJ is proved 
the following results. Let K and K' be 2-dimensional closed oriented submanifolds C S 4 . 
The following conditions (1) and (2) are equivalent. 

(1) K is (l,2)-pass-move equivalent to K' . 

(2) K is ribbon-move equivalent to K' . 

Furthermore, if K is obtained from K' by one ribbon-move, then K is obtained from 
K' by one (l,2)-pass-move. 
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We next define twist- moves on high dimensional knots. Let K + , K_, K be (2p + 1)- 
dimensional closed oriented submanifold C S 2p+3 (p G NU{0}). Let B be a (2p + 3)-ball 
trivially embedded in S 2p+3 . Suppose that K + coincides with K_, Kq in S 2p+3 — B. Take 
a single (2p + 2)-dimensional (p+ l)-handle h + (resp. hJ) embedded in B such that [the 
handle] HdB is the attaching part of the handle. Note. jU El [301 EI] etc. imply that the 
core of h + (resp. hJ) is trivially embedded in B under the above condition. Suppose that 
(7i + — its attaching part)n(/i_— its attaching part)= 0. Suppose that their attaching parts 
coincide. Thus we can suppose that we can regard h + U h_ as an oriented submanifold 
C S 2p+1 if we give the opposite orientation to Then we can define a (p + 1)-Seifert 
matrix for the {2p + 2)-submanifold h + U h_. We can suppose that the Seifert matrix is 
the matrix (1). 

Let K*(* = +, — ) satisfy that n Int£? = (dh* — OB). Note the following. When 
we define K + , /i + exists in B and h_ does not exist in B. When we define K_, /i_exists 
in B and h + does not exist in B. Let P = K + n (S 2p+3 - IntB). Let Q = h + n 9B. 
Let T = P U Q. Then T is an (2p + l)-dimensional oriented closed submanifold in 
5-2P+3 _ i ntB Let x be T in S 2p+3 . Then we say that an ordered set (K+, K_, K ) is 
related by a twist-move. (K + , Kq) is called a twist-move-triple. We say that and 
fT_ differ by one twist-move in £?. If (K + , K_, K ) is a twist-move-triple, then we also 
say that (K_, K + , K ) is a twist-move-triple. If X + and X_ differ by one twist-move in 
B, we also say that K_ and differ by one twist-move in B. 

Let i^-, -Ko) be related by a twist-move in B. Then there is a Seifert hypersurface 
V* for (* = +. — .0) with the following properties. 

(1) v^VoUht (i = +,-). VtnB = h P 

(2) V n Int 5 = 0. V ndB is the attaching part of h p . 
(The idea of the proof is the Thorn- Pontrj agin construction.) 

The ordered set (V + ,V-,Vo) is called a twist-move-triple of Seifert hyper surf aces for 
(K + , K_, K ). We say that V_ (resp. V + ) is obtained from V + (resp. K_) by a twist-move 
in 5. 

Figure HJ4, which consists of the three figures (1) (2) (3), is a conceptual figure of a 
twist-move-triple. The upper half of Figure SJ5 is another conceptual figure of a twist- 
move triple. Compare the upper half of Figure HJ5 and the lower half. If p = (hence 
n = 2p + 1 = 1 ), the left figure in the upper half and that in the lower half are same. 
That is, if p = (hence n = 2p + l = 1 ), a twist-move-triple is a crossing-change-triple of 
1-links. Note that we move B n Kq by isotopy in the right B in the upper half of Figure 
H5. 
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Figure HJ4.(1): A twist-move-triple 
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Figure IU4. (2): A twist-move-triple 
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The triple of three makes a crossing-change-triple of a 1- dimensional link. 

Figure HI 5 

A twist-move-triple of 1-links is a crossing-change-triple of 1-links. 
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5. Products of knots 



We review the knot product construction as defined in [SJ [§]. 

A Seifert hypersurface for an n-dimensional oriented closed submanifold K in S n+2 is 
an (n+ l)-dimensional oriented connected compact submanifold in S n+2 whose boundary 
is K. Note that there are two cases that K is not connected and that K is connected. 

Definition 5.1. ([SJ|9].) Let J be an m-dimensional closed oriented submanifold 

C S m+2 = dB m+3 C B m+3 (meNU{0}). Let K be an n-dimensional closed oriented 

submanifold C S n+2 = dB n+3 C B n+3 (nGNU {0}). Suppose that J or if is a fibered 

submanifold. 

K is called a fibered submanifold if K satisfies the following conditions. 

(1) / : S n — K — > S 1 is a fiber bundle over S 1 . 

(2) Let N(K) = D 2 x K be the tubular neighborhood of K in S n+2 . The restriction of 
/ : S n+2 - K S 1 to N(K) is the trivial fibration of (D 2 x K - {0} x K) S 1 , which 
is defined by the natural maps (D 2 x K - {0} x K) = (D 2 - {0}) x K ^ D 2 — {0} — > 5 1 . 
Note that each fiber restricted to S"™ — (the interior of N(K)) makes a Seifert hypersurface 
for K. 

We define a product of the knots K and J as follows. 

Let V be a Seifert hypersurface for J. Note that J = dV C V C S m+2 = aB m+3 
C J B m+3 . Let W be a Seifert hypersurface for K. Note that if = dW C IV C 5 n+2 
= dB n+3 C 5 n+3 . Push V into J B m+3 , fixing = J, call this submanifold C B m+3 , V. 
Push into B n+3 , fixing = K, call this submanifold C B n+3 , W. Let 5 2 
= {(a, 6) | a G E, 6 G M, a 2 + 6 2 ^ 1.}. Let / : B m+3 B 2 be a smooth map which satisfies 
the condition that / _1 ((0, 0)) = V. Let g : 5 n+3 -> S 2 be a smooth map which satisfies 
the condition that ^((O.O)) = W. 

Let M = {(x,y) G B m+3 x B n+3 \f{x) - g(y) = (0,0) G 5 2 }. The (m + n + 3)- 
dimensional closed oriented submanifold dM C <9(£> m+3 x 5 n+3 ) = 5" m + n + 5 i s called t/ie 
product of the knots J and if and is denoted by J®K. The product of knots is sometimes 
called the knot product. Strictly speaking, M might have a singularity and hence we must 
be careful to define the boundary of M. See [SJ [H] for detail. 

Let A £g> M B mean A £g> B, <g>B, which is composed of one copy of A and « copies of 
B, where /jGNU {0}. Let ®^B mean B®, <S>B, which is composed of u copies of B, 
where /i G NU {0}. 

Definition 5.2. ([SJ|9].) Let n G N. The empty knot [n] is a smooth map S 1 — > S* 1 such 
that h-> where S 1 = {e 2nW \9 G E} 

We regard a Seifert hypersurface of the empty knot [n] as a set of n points C S 1 . We 
can regard the empty knot [n] as a fibred knot. In [SJ [9] is defined a knot product of the 
empty knot and an n-dimensional closed oriented submanifold C S n+2 . 

The (positive) Hopf link or the (linking number) (+1) Hopf link is shown as follows. 
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The negative Hopf link or the (linking number) (—1) Hopf link is shown as follows. 




Theorem 5.3. ([H|9].) Let [n] denote the empty knot of degree n. Then we have 
[2] ® [2] =the negative Hopf link. 

For /i e N, <S> [2] =<S> (the negative Hopf link). 

For any n-dimensional closed oriented submanifold K C S n+2 , 

K<S> [2] = K (g) (t/ie negative Hopf link). 

Note. See line(— 12) of page 389 and line 18 of page 391 of [9] 
In this paper the Hopf link means the negative Hopf link. 

6. Review of the Q[t, ^^-Alexander polynomials for n-KNOTS and 

n-DIMENSIONAL CLOSED ORIENTED SUBMANIFOLDS, ETC. 

We review the Q[t, t^ 1 ]- Alexander polynomials for n-knots and n-links and n-dimensional 
closed oriented submanifolds, Seifert matrices, Alexander matrices, etc. See [Tl [T H [TB I [To] . 

Let K = (Ki, ...,K^) be an n-dimensional closed oriented submanifold of S n+2 (n 
G N). Let each Ki be connected. It is known that any tubular neighborhood of K is 
diffeomorphic to K x D 2 (see pages 49, 50 of [13J). Let X = S n+2 - K x D 2 . By using 
the orientation of S n+2 and that of K, we can determine an orientation of dD 2 . Take a 
homomorphism a : H\(X; Z) — > Z to carry all [dD 2 ] with the orientations to +1. Take 
the infinite cyclic covering 7r : X — > X associated with a. X is called the canonical cyclic 
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covering space of K. We can regard H P (X; Z) as a Z[£, £ -1 ]-module by using the covering 
translation X — > X defined by a. It is called the Z[i, t~ l ]-p- Alexander module. We can 
also regard H P (X; Q) as a Q[t, t _1 ]-module. It is called the Q[t, t~ x \-p- Alexander module. 
According to module theory, it holds that any Q[i, i _1 ]-module is congruent to 

(QtM^l/Ai) © ■ • ■ © im,r x \ix) © (e*Q[M _1 ]), 

where we have the following: 

(1) A* G Q[t,t _1 ] is not zero, 

(2) A* is not the Q[t, £ _1 ]-balanced class of 1, 

(3) k is the rank of the free part. 

Two polynomials f(t),g(t) G Q[t, t -1 ] are said to be Q[t, t~ x \-balanced if there is an 
integer n and a nonzero rational number r such that f(t) = r ■ t n ■ g(t). 

Let H p (X;Q) be as above. Then the Q[i, t^ 1 ]-]?- Alexander polynomial is 

{the Q[£, i _1 ]-balanced class of the product Ai • ... • A; if = and H p (X; Q) is nontrivial 
ifk^O 
1 UH p (X;Q)=0. 
Let V be a Seifert hypersurface for the above n-submanifold K. Note that the orienta- 
tion of V is compatible with that of K. Recall that Seifert hypersurfaces are connected 
by the definition (see $5]). Let x\, x M be p-cycles in V which are basis of H P (V; Z)/Tor. 
Let yi, y u be (n+1— p)-cycles in V which are basis of H P (V; Z)/Tor. Push yi to the pos- 
itive direction of the normal bundle of V. Call it yf. Push y^ to the negative direction of 
the normal bundle of V . Call it yj . A (p, n + 1 —p)- (positive ) Seifert matrix for the above 
submanifold K associated with V represented by an 'ordered set of basis', {x±, ...,x^}, 
and an 'ordered set of basis', {yi, ...,y v }, is a (/i x z/)-matrix S = (s^) = (lk(xj, t/^)). We 
sometimes abbreviate (p, n + 1 — p)-Seifert matrix to p-Seifert matrix if we know what 
n is. We sometimes let S P (K) denote a positive p-Seifert matrix for a closed oriented 
submanifold K and V and {x^ and {?/,,•} if we know what V and and {?/,■} are. 
A (p, n + 1 — p)-negative Seifert matrix for the above submanifold .K" associated with 
represented by an 'ordered set of basis', {xi, and an 'ordered set of basis', 
{yi, y u }, is a matrix iV = (n^) = (lk(xj, We sometimes let iVp(V) denote a 

negative p-Seifert matrix for a closed oriented submanifold K and V and {xj} and 
if we know what K and {x{\ and {^} are. Let S p and iV p be as above. Then we have 
the following. S p — N p represents the map {H P (V; Z)/Tor} x {if n+ i_ p (V; Z)/Tor} — > Z, 
which is defined by the intersection product. We call t ■ S p — N p the p- Alexander matrix 
for K associated with V represented by an 'ordered set of basis', {xi, x^}, and an 
'ordered set of basis', {yi, y u }. 
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Note that we sometimes define it to be S p — t ■ N p . The difference of both is only setting 
the variables because we mainly discuss Q[t, t _1 ]-balanced-classes as follows. All we have 
to do is to change t with t" 1 . 

We have the following. 

Proposition 6.1. Let K be an n- dimensional oriented closed submanifold C S n+2 . 

Let S p be a (p, n + 1 — p) -positive Seifert matrix for K associated with V represented 
by an 'ordered set of basis', {xi, ...,x^}, and an 'ordered set of basis', {yi, ...,y u }. 

Let N p be a (p, n + 1 — p) -negative Seifert matrix for K associated with V represented 
by an 'ordered set of basis', {xi, ...,x^}, and an 'ordered set of basis', {yi, ...,y u }. 

Suppose /i = v. Suppose that the linear map defined by a (p — 1)- Alexander matrix is 
injective. 

Then the p-Q[t, t" 1 ]- Alexander polynomial is the Q[t, t -1 ]- balanced class of 'the deter- 
minant of p- Alexander matrix, ' det (t ■ S p — N p ). 

Note. Of course, /i ^ v in general. 

Proof. Take the above X = S n + 2 - K x D 2 , X, V. Let V x [-1, 1] be the tubular 
neighborhood of V in X. Let Y = X — V. Consider the Meyer- Vietoris exact sequence: 
H^U^V x [-1, 1]; Q) -> H^U^Y; Q) H^X; Q), 

where U^V x [-1, 1] is the lift of V x [-1, 1], and where II^Y is the lift of Y. This 
completes the proof. □ 

We have the following. 

Let Np be a (p, n + 1 — p)-negative Seifert matrix for K associated with V represented 
by an 'ordered set of basis', and an 'ordered set of basis', {yi, y u }. Let 

SVi+i-p be a (n + 1 — p, p)-positive Seifert matrix for K associated with V represented 
by an 'ordered set of basis', {yi, ...,y u }, and an 'ordered set of basis', {xi, By 
the definition of and y~, lk(?/j,x^) = \k(y^,Xj). By page 541 of [H], lk(y~,Xj) 
= (-l)p(«+ 1 -p)+ 1 lk(x i ,?/r). Hence N p = (-l) p ' n+1 S n+ i_ p (note that p(l - p) is an even 
number) . 

Proposition 6.2. Let K be a (2m+l)- dimensional closed oriented submanifold C S 2m+3 . 
Let S be an (m + 1, m + 1)-Seifert matrix. We have S = (— l) m ^S. 

The signature c(K) for a (2p + l)-dimensional closed oriented submanifold K 
C S 2p+3 (p GNU {0}) is the signature of the matrix S p+ i(K) +* S p+ i(K) . Therefore, we 
have the following. 

Claim 6.3. Let K be a (4k + 3) -dimensional closed oriented submanifold C S 4k+5 (k 
G N U {0}). Then the signature of K coincides with the signature of V , where V is the 
closed oriented manifold which we obtain by attaching a (4k + 4) -dimensional 0-handles 
to dV. 
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Let K be a (4k + l)-dimensional spherical knot (4k + 1 > 1. fc G NU{0}). We regard 
naturally (H 2k+ i(V; Z)/Tor) ®Z 2 as a subgroup of if 2 fc+i(^ / ; Z 2 ). Then we can take basis 
x 1 , x u , y 1 , ^ of (H 2k+1 (V; Z)/Tor) ® Z 2 such that x { ■ Xj = 0, y { ■ y i = 0, x { ■ y i = 
for any pair (i, j), where • denotes the Z 2 -intersection product. The Arf invariant of K 
is mod 2 E? =1 \k(x h xf) ■ lk(^,y+). 

Let L = (Li, Lfj) be a (4A; + l)-link (4k + 1 > 1. fceNU{0}. /i EN — {0}.). We 
define the Arf invariant of L. There are two cases. 

(1) Let 4k + 1 > 5. The Arf invariant of L is defined in the same manner as the knot 
case. 

(2) Let 4k + 1 = 1. See Appendix of [13] and Note right above Note 1.2.1 of [20]. 

7. SOME RESULTS ON INVARIANTS OF n-KNOTS AND LOCAL MOVES ON n-KNOTS 

Theorem 7.1. ([2"3].) Let K + , K_ be spherical n-knots C S n+2 (n G N). Let Kq be ann- 
submanifold C S , ™ +2 . Suppose that (K + , K^, Kq) is related by a (p,n + l —p) -pass-move. 
Letpj^n+l—p. Then there is a polynomial A p (K*) eQj^r 1 ] whose Q[t, t~ l ]-balanced 
class is the p-Q[t, t -1 ]- Alexander polynomial A P (K*) for the submanifold K* (* = +, — , 0) 
such that 

A P (K + ) - A P (K^) = (t - 1) • A P (K ). 

Theorem 7.2. ([23].) Let K + , K_ be spherical (4k + l)-knots (4k + l e N, k G NU{0}). 
Le£ -K"o ^ e o (4/c + 1) -submanifold C S 14 ^ 3 . Suppose that (K + , K_, Kq) is related by a 
twist-move. 

Then there is a polynomial A 2 k+i(K*) G Q[t, t~ l ] whose Q[t, t^-balanced class is the 
(2k + \)-<Q[t,t^ 1 ]- Alexander polynomial A 2 k+i(K^) (* = +, — ,0) suc/i that 

A 2k+1 (K + ) - A 2k+1 (K_) = (t - 1) • A 2fe+1 (K )- 

Note. For (4A; + 3)-knots (4k + 3 G N, fceNU {0}), we can define the twist-move. 
However, note the following: Suppose K + is made into K_ by the twist-move. Then K- 
is not spherical in general. Because: there is an example V* for K* as follows; Framed 
link representation of V + is the Hopf link such that the framing of one component is zero 
and that that of the other is two. Framed link representation of V- is the Hopf link such 
that the framing of each component is two. 

We prove the following Theorem 12. Ill (Theorem 110.31) . The l l =even' case is proved in 
|23j . which is the above Theorem 17.21 In §141 of this paper we prove the l l =odd' case. 

Theorem 12.111 (Theorem 110. 3[ ) Let K + be a (21 + 1)- dimensional spherical knot 
C S 2l+3 (l GNU {0}). Let K_, K be (21 + I) -dimensional submanifolds C S 2l+3 . Let 
(K + , K_, Kq) be a twist-move-triple. Then there is a polynomial Aj + i(lf*) G Q[t,t -1 ] 
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whose Q[t,t ^-balanced class is the (I + 1)-Q[t,t ^-Alexander polynomial A l+ i(K*) (* 
= +, — , 0) and that 

A l+1 (K + ) - A l+1 (K_) = (t + (-l) m ) • A l+1 {K ). 



Theorem 7.3. ([23].) Let K + , K_, K be as in Theorem\7^ Let bP 4k+2 be the bP- 



subgroup C 4fe+1 . Suppose bP^+2 is not congruent to the trivial group. Then we have 

AiiK + - ArfK_ = {\bP 4k+2 n I(K )\ + 1} mod2, 

where I{Kq) is the inertia group of an oriented smooth manifold which is orientation 
preserving diffeomorphic to K and the symbol \ \ denotes the order of a group. 

Note. See §|6] and [121 H3J EH] for the Arf invariant. See [12] for the homotopy sphere 
group 6* and the 6P-subgroup C 6 4fc+1 . See [2j [11] for the inertia group. 

We state a problem. 

Problem 7.4. Let K + be an n- dimensional spherical knot. Suppose that (K + , K_, K ) 
is a twist-move-triple (resp. (p, n + 1 — p)-pass- move-triple, where p ^ n + 1 — p). Let 
a(K) be an invariant of K as a submanifold and be a Q[t, t _1 ]-balanced class. Suppose 
that there are /+,/_, fo G Q[t,t _1 ] such that the Q[£, t _1 ]-balanced class of /* is a(K*) 
(* = +, — , 0) and that 

/ + — /_ = (t — 1) • f in the other cases than the following 

/ + — /_ = (t + 1) • fo if n = 4k + 3, k G N U {0} and if we consider the twist-move. 

Then is a(K) the Q[t, t _1 ]-Alexander polynomial or what is determined by the Q[t, t^ 1 ]- 
Alexander polynomial? 

Note. It is well-known that the Alexander- Conway polynomial (resp. the Jones poly- 
nomial) of 1-links is essentially characterized by the well-known local move formula and 
the fact that it is trivial for the trivial knot. 



8. Theorems on relations between crossing-changes and knot products 

Theorem 8.1. Suppose that two 1-links J and K differ by one crossing-change. Then 
the 3-submanifolds C S 5 , J® [2] and K <g> [2], differ by one twist-move, where [2] denotes 
the empty knot [2]. 

Theorem 8.2. ( Theorem 12.21 ) Take the same J,K in Theorem \8.1\ Then the (2z/+ 1)- 
submanifolds C S 2u+3 , J ® u [2] and K® u [2], differ by one twist-move, where v G NU{0} ; 
and, where [2] denotes the empty knot [2]. 

Note. It is true even in the v — case. Of course the v — 1 case is Theorem 18.11 
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Theorem 8.3. ( Theorem l2.3l ) Lefm 6 NU{0}. Suppose that two (2m + 1)- dimensional 
closed oriented submanifolds C S 2m+3 , J and K, differ by one twist-move. Then the 
(2m + 2v + 1)- submanifolds C S 2m+2v+3 , J ® v [2] and K ® v [2], differ by one twist-move, 
where [2] denotes the empty knot [2]. 

Note. Of course, the m = case is Theorem 18.21 

Theorem 8.4. (1) There is a nontrivial 1-knot K which is obtained from the trivial 
knot by a single crossing- change with the following property. The [2v + l)-submanifold 
C S 2u+3 , K ® u [2], is equivalent to the trivial (2v + l)-knot, where i/£N, v ^ 2, and, 
where [2] denotes the empty knot [2]. 

(2) There is a nontrivial 1-knot P which is obtained from the trivial knot by two crossing- 
changes not by a single crossing- change with the following property. The (2v + 1)- 
submanifold C S 2u+3 , P ® v [2], is equivalent to the trivial (2u + l)-knot, where v G 
N, i/^2. 

(3) There are nontrivial 1-knots P and Q with the following properties. 

(i) P and Q differ by a single crossing- change and are nonequivalent. 

(ii) Let v G N and v^2. The (2v + I) -submanifolds C S 2u+3 , P ® v [2] and Q ® u [2] are 
equivalent spherical knots. 

(4) There is a nontrivial 1-knot P with the following properties. 

(i) P is obtained from the trivial 1-knot by two crossing-changes not by a single crossing- 
change. 

(ii) Let /j, G N. The (4/x+ l)-submanifold C S 4fl+3 , P ® M (the H op f link) is obtained from 
the trivial knot by a twist-move and is a nontrivial knot. 

(5) There are nontrivial 1-knots P and Q with the following properties. 

(i) P and Q differ by a single crossing- change and are nonequivalent. 

(ii) Let ii G N. The (4/i + 1)- submanifolds C S^ +3 , P <g>^ (the Hopf link) and Q ®^ (the 
Hopf link) are equivalent spherical knots and nontrivial knots. 

Note. Recall that, if a 1-knot K is obtained from a nonequivalent 1-knot J by a single 
crossing- change, then the 1-knot K is obtained from the nonequivalent knot J by a 
single twist-move. Thus we can say that the 'twist-move-unknotting-number' changes 
by a knot product. A 'non-twist-move-equivalent pair' is changed into a 'twist-move- 
equivalent pair' by knot product. 

Note 8.5. Compare the above Theorem 18.41 with the following (*). 
(*) There is a nontrivial 1-knot K which is obtained from the trivial knot by one crossing- 
change with the following properties: 

(1) K <g) [2] is not a spherical knot. Hence it is a nontrivial knot. 
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(2) K ® u [2] (v ^ 2, v G N) is a spherical knot and the trivial knot. 
We prove this in §fT2"l 

Furthermore, we prove the following. 

Theorem 8.6. (Theorem 12. 4p Let p G N. Let K (resp. J) be a (2p + 5) -dimensional 
smooth submanifold C S 2p+7 . Suppose that K is a spherical knot. Suppose that K and J 
differ by a single twist-move and are nonequivalent. Suppose that K is equivalent to 
A cg)§ +1 [the Hopf link) for a 1-knot A if p is even 

A eg) {the Hopf link) for a simple 3-knot A if p = 1 (and hence 2p + 5 = 7) 

p— 1 

A [the Hopf link) for a simple 1-knot A if p is odd and p^l. 
Then there is a unique equivalence class of simple (2p + 1) -knots for K (resp. J) with 
the following properties. 

(i) There is a representative element K' of the above equivalence class for K such that 
K is equivalent to K' ® (the Hopf link). 

(ii) There is a representative element J' of the above equivalence class for J such that J 
is equivalent to J 1 ® (the Hopf link). 

(iii) K' and J 1 differ by a single twist-move and are nonequivalent. 

Note. If p = in Theorem 18.61 we have a different result. See Theorem 18.41 

9. Theorems on relations between pass-moves and knot products 

Theorem 9.1. (Theorem 12.51 ) Suppose that two 1-knots J and K differ by one pass- 
move. Then the (4/i + l)-submanifolds C 5* 4m+3 , J ® M (the Hopf link) and 
K ®^ (the Hopf link), differ by one (2fi + 1, 2/i + l)-pass-move (/i G NU {0}). 

Note 9.2. Recall Theorem 15.31 For any n-dimensional closed oriented submanifold A 
C S n+2 , A (g) (the negative Hopf link) = A (g) [2], where neN and /iGHU {0}. 

Compare the above Theorem 19.11 and Note 19.21 with the following Theorem 19.31 
Theorem 9.3. Take the same J,K in Theorem \ 9.1i Then the (4// + 3)-submanifolds 

(2/i + l) (2/i + 1) 

C 5 4m+5 (fi G N U {0}) ; J (g) [2] and K (g) [2], are not homeomorphic in general 

and, therefore, are NOT (2fi + 2, 2/i + 2)-pass-move equivalent in general. 

Problem 9.4. In the above Theorem 19.31 of course, if J and K are trivial knots, then 
the above two (4/t + 3)-submanifolds are pass-move equivalent. What kind of pair, J and 
K , in Theorem 19.31 satisfies the condition that the above two (4/i + 3)-submanifolds are 
(2/i + 2, 2/i + 2)-pass-move equivalent? 
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The l v =odd' case of Theorem 19.81 and Note 19.101 give partial solutions to Problem 19.41 

Theorem 9.5. Let J,K be simple (21 + l)-knots, where I G N. Suppose that J and K 
differ by one (1 + 1,1+ 1) -pass-move. Then the (21 + 4/i + l)-submanifolds C S 2l+4:>Jj+3 , 
J®^(the H op f link) and K ^ (the Hopf link), differ by one (l+2fi+l, 1+2^+1) -pass-move. 

Problem 9.6. If we do NOT suppose that J, K are simple knots in Theorem 19.51 do 
the above (21 + 4/i + l)-submanifolds differ by one pass-move? Or, are they pass-move- 
equivalent? 

The above problem is really a problem of high dimensional knots. The following one 
is also such a problem. 

Problem 9.7. (A generalization of Problem 19.61 ) (1) Suppose that spherical n-knots 
(resp. n-dimensional closed oriented submanifolds C S n+2 ) J and K differ by one (p, n + 
1 — p)-pass-move, where n G N and p G N. Then do the (n + 4/i + l)-submanifolds 
C S n+ifJj+3 , J £g> M (the Hopf link) and K £g> M (the Hopf link), differ by one pass-move? Or, 
are they pass- move equivalent? 

(2) How about the case where J and K are even dimensional simple 2m-knots and where 
p = ml Here, m G N. 

(3) Of course, there is a problem in the case of the product with odd times copies of the 
empty knot [2]. (Note Theorem 19.31 and its Proof.) 

Theorem 9.8. There is a nontrivial 1-knot K which is obtained from the trivial knot by 
one pass-move with the following property: K ® u [2] is the trivial (2v + l)-knot, where 
v ^ 2, v G N. 

Note 9.9. By the above Theorem 19.81 we have the following. Let T be the trivial 1-knot. 
The two 1-knot s, K and T, differ by a single pass- move and are nonequivalent. However, 
the (2i/ + l)-dimensional spherical knot, K® u [2], is equivalent to the (2z/ + l)-dimensional 
trivial knot, T ® v [2]. That is, they differ by ZERO times of pass-moves, where v ^ 2 
and v G N. Thus we can say that the 'pass-move-unknotting-number' changes by knot 
products. 

Note 9.10. Compare the above Theorem 19.81 with the following (*). 
(*) There is a nontrivial 1-knot K which is obtained from the trivial knot by one pass- 
move with the following properties: 

(1) K <g> [2], is not a spherical knot. Hence it is a nontrivial knot. 

(2) K ® u [2] (v ^ 2, v G N) is a spherical knot and the trivial knot. 
We prove this in CTBl 

Furthermore, we prove the following. 

Theorem 9.11. (Theorem 12 .71 ) Let fi G N. Let K be a spherical (4/i + l)-knot. Let J be 
a (4/i + l)-submanifold C 5* 4m+3 . Let K and J be (2/x + 1, 2/a + l)-pass-move equivalent. 
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Suppose that K is equivalent to K' £g> M (the Hopf link) for a 1-knot K' . Then there is a 
1-knot J' with the following properties. 

(i) J is equivalent to J' ® M (the Hopf link). 

(ii) K' and J' are pass-move equivalent. 

Note. If there is such a 1-knot K', there are countably infinitely many nonequivalent 
1-knots P (resp. Q) such that P ®^ (the Hopf link) (resp. Q ®^ (the Hopf link)) is 
equivalent to K (resp. J). We prove this in £ fT3l 

Theorem 9.12. (Theorem 12.81 ) Let p £ N. Let K and J be (2p + 5) -dimensional smooth 
submanifolds C S 2p+r . Suppose that K is a spherical knot. Suppose that K and J differ 
by a single (p + 3,p + 3) -pass-move and are nonequivalent. Suppose that K is equivalent 

{A ®2 +1 (the Hopf link) for a 1-knot A if p is even 

A ® (the Hopf link) for a simple 3-knot A if p = 1 (and 2p + 5 = 7) 
p— i 
A (the Hopf link) for a simple 1-knot A if p is odd and p ^ 1. 

Then there is a unique equivalence class of simple (2p + 1) -knots for K (resp. J) with 
the following properties. 

(i) There is a representative element K' of the above equivalence class for K such that 
K is equivalent to K' ® (the Hopf link). 

(ii) There is a representative element J' of the above equivalence class for J such that J 
is equivalent to J' ® (the Hopf link). 

(hi) K' and J 1 differ by a single (p+l,p+ l)-pass-move and are nonequivalent. 

Let P be the 5-twist spun knot of the trefoil knot. Note that P is a 2- knot. Note that 
Proposition 4.3 of [2T] and the last line of §7 in page 684 of [2T] imply the following. 

(1) P is NOT ribbon move equivalent to T. 

(2) P is NOT (l,2)-pass-move equivalent to T. 

Theorem 9.13. Let T be the trivial 2-knot. Let P be as above. Although P is NOT 
(1,2) -pass-move equivalent to T, we have the following. Let v ^ 2 and v 6 N. The 
(2v + 2)-submanifold, P ® y [2], is equivalent to the trivial (2v + 2) -knot, T <S> U [2], and 
therefore, is (y + 1, v + 2) -pass-move- equivalent to the trivial knot. 

Note. Thus we can say that a knot product makes a 'non-pass- move-equivalent pair' 
into a 'pass- move-equivalent pair'. 

10. Theorems on relations between local move identities of a knot 

polynomial and knot products 

Let (K + , Kq) be a crossing-change-triple of 1-links. (See crossing-change-triple for 
$TJ) Let A(K) be the Alexander- Conway polynomial of 1-links K. It is well-known that 

A(K + )-A(K^) = (t-l)-A(K ). 
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Here, we have the following Theorems. 

Theorem 10.1. (Theorem 12.91 ) Let K + , K_, Kq be as above. There is a polynomial 
A 2m +i( K* ® m (the Hopf link) ) £ Q[£, whose Q[t, t~ x \-balanced class is the (2/i + 1)- 
Q[t, t" 1 }- Alexander polynomial A 2fl+ i(K*(3 fl (the Hopf link)) (// G NU{0}. * = +,-,0.) 
such that 

A 2m +i( K + ®v (the Hopf link) ) - A 2/i +i( K_ & (the Hopf link) ) 
= (t-l)- A 2 ^+i( K ^ (the Hopf link) ). 

Note. After taking knot product, A( ) is changed into A2 fl +i( ). 
By Theorem 15.31 Theorem 110.11 follows from Theorem 110.21 

Theorem 10.2. (Theorem 12.101 ) Let K + , K_, Kq be as above. There is a polynomial 
A u+ i(K*® v [2\) G QlM -1 ] whose Q^^t' 1 } -balanced class is the (v+l)-Q[t, t~ 1 }- Alexander 
polynomial A u+1 ( K* ® v [2] ) (i/£NU {0}, * = +,-, 0) such that 

A u+1 ( K + & [2] ) - A„ +1 ( K_ ® v [2] ) = (t + (-l)** 1 ) • A v+l ( K ® v [2] ), 

where [2] denotes the empty knot [2]. 

Note. If v is odd, then K + ® v [2] is not homeomorphic to K_ ® u [2] in general. However, 
the above theorem is true. 

The following Theorem 110.31 is much connected with Theorem 110.41 The '/ =even' case 
is proved in [23J. In this paper we prove the '/ =odd' case. 

Theorem 10.3. (Theorem 12.111 ) Let K + be a (21 + 1)- dimensional spherical knot 
C S 2l+3 (l GNU {0}). Let K_, Kq be (21 + 1)- dimensional submanifolds C S 2l+3 . Let 
(K + , Kq) be a twist-move-triple. 

Then there is a polynomial Ai +1 (K*) G Q[t, t^ 1 ] whose ^[t.t'^-balanced class is the 
(I + 1)-Q[t, t^ 1 }- Alexander polynomial Ai + i(K*) (* = +, — , 0) and that 

A l+1 (K + ) - A l+1 (K_) = (t + (-l) l+1 ) ■ A l+1 (K ). 

Theorem 10.4. Let K + , K_, Kq be as in Theorem \10.3\ There is a polynomial 
A L+1+U ( K* ® v [2] ) G Q[M _1 ] whose Q[t,t -1 ]- balanced class is the (1 + 1 + u)-Q[t, f- 1 ]- 
Alexander polynomial Ai + i +u ( K* <g>" [2] ) (cGNU {0}. * = +,—, 0.) such that 

A l+1+V ( K + ® u [2] ) - A l+1+V ( K„ ® v [2] ) = (t + (-l) l+1+v ) ■ A l+l+v ( Kq ® u [2] ), 

where [2] denotes the empty knot [2]. 

Theorem 10.5. Let K + be a (41 + 1) -dimensional spherical knot (I G N U {0}). Let 

(K + , K_, K ) be a twist-move-triple. Let W"4z+2+4^ be the bP-subgroup C Q Al+1+A t 1 . Sup- 
pose &-P4i+2+4/t is not congruent to the trivial group. Then we have 
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Arf( K + (the Hopf link) ) - Arf ( A_ (the Hopf link) ) 
= {\bP ik +2 H I( K ®^ (the Hopf link) )\ + 1} mod2, 

where I( Kq ® m (the Hopf link) ) is the inertia group of an oriented smooth manifold 
which is orientation preserving diffeomorphic to Kq £S> m (the Hopf link) and the symbol 
| denotes the order of a group. 

Let K + and K_ be n-dimensional spherical knots C S n+2 . Let K be an n-submanifold 
C S n+2 . Let (K + , A_, K ) be related by a (p, g)-pass-move in B n+2 . Let p + q — n + 1. 
Let p 7^ g. Recall that we have the following by (23] . (It is quoted in Theorem 17.11 in this 
paper.) 

There is a polynomial A P (K*) G Q[£, whose Q[t, t _1 ]-balanced class is the p- 
Q[t, t _1 ]-Alexander polynomial A p (K*) for the submanifold A',,, (* = +, — ,0) such that 

A P (K + ) - A P (K_) = (t-l)- A P (K ). 

We have the following. 

Theorem 10.6. Let K + , A_, K be as above. There is a polynomial A p+U ( ® v [2] ) 
G Q[t,t _1 ] whose Qltjt^^-balanced class is the (p + z/)-Q[t, t" 1 ]- Alexander polynomial 
A p+U ( A* ® v [2] ) (* = +,-,0, v G N U {0}) such that 

A p+U ( K + ®» [2] ) - A p+U ( A_ ®" [2] ) = (t+ (-l) v+l ) ■ A p+U ( A ®" [2] ), 

where [2] denotes the empty knot [2]. 

11. A REMARK ON Z[t, t _1 ]-CASE 

Some of our results on polynomial invariants could be extended to the case where 
the word, 'Q[t, t _1 ]-balanced class,' is replaced with the word, '(Z[t, t~ 1 ]-balanced of) an 
element of Z[i, t -1 ]'. However, we must take care of the following Theorem II 1.1 [ 

Two polynomials f(t),g(t) G Z[£, are said to be Z[t, t~ l ]-balanced if there is an 
integer n such that f(t) = ±t n ■ g(t). 

Theorem 11.1. There is a smooth oriented codimension two closed submanifold K 
C S n+2 with the following property. 

(1) Any Seifert hypersurface of K satisfies the condition that the p-th betti number is 
equal to the (n + 1 — p)-th betti number (1 ^ p ^ n). 

(2) There are Seifert hypersurfaces V and W for K such that the U^^t'^-balanced class 
of the determinant of a p- Alexander matrix of V and that of W are different for a non- 
negative integer p even if the linear map defined by a (p— 1)- Alexander matrix associated 
with V (resp. W) is injective. 

Note. The Z[t, t _1 ]-balanced class of the determinant of a p- Alexander matrix of V 
(resp. W) is same as that of any p-Alexander matrix of V (resp. W) . 
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If the linear map defined by a (p — 1)-Alexander matrix associated with V (resp. W) 
is injective, then that defined by any (p — 1)-Alexander matrix associated with V (resp. 
W) is injective. 

Because they do not depend on the choice of the basis of the homology groups of V 
(resp. W). 

Proof. Let K be a closed oriented smooth 3-dimensional submanifold C S 5 such that 
the diffeomorphism type of K is represented by the following framed link: Take the 
(a, a)-torus link C S 3 (a G N — {1})- The framing of each component is zero. Then 
K is diffeomorphic to a homology sphere and, therefore, any Seifert hypersurface for K 
satisfies the condition (1) in Theorem 111.11 The following figure is the a = 2 case of the 
framed link. 



We make two kinds of Seifert hyper surf aces V, W for K as follows. 

The first. Regard R 5 = R 4 x {t G R}. Regard the above framed link which represents 
K as a 4-manifold, too. Of course, this 4-manifold has a handle decomposition (a 4- 
dimensional 0-handle)U(a 4-dimensional 2-handle) U(a 4-dimensional 2-handle), 
which is defined by the framed link representation. 

Suppose that the diffeomorphism type of a Seifert hypersurface V is this 4-manifold. 

Suppose that V in R 5 satisfies the following. 

(1) The 4-dimensional 0-handle is embedded in R 4 x {t = 0}. 

(2) One of the 4-dimensional 2-handles is embedded in R 4 x {t = 0}, call it h 2 . 

(3) The other of the 4-dimensional 2-handles is embedded in R 4 x {t ^ 0}. Only the 
attached part is embedded in R 4 x {t = 0}. We can do this because the framing is zero. 

Thus we obtain a Seifert hypersurface V for K. 

Then a positive 2-Seifert matrix associated with V is ^ . The negative 2-Seifert 
matrix associated with the positive 2-Seifert matrix is ^ ^ ^ j . Hence the 2-Alexander 
matrix associated with these two matrices is ( ^ a „ | . Its determinant is — a 2 t. 



a 

Note that the linear map defined by a 1- Alexander matrix associated with V is injective. 
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The second. Take the above Seifert hypersurface V. Suppose that a 5- dimensional 
3-handle k 3 is embedded in M 4 x {t ^ 0}. Attach k 3 along the 2-sphere embedded in V 
which includes the core of the above h 2 . Suppose that only the attach part is embedded 
in M 4 x {t = 0}. By this surgery by k 3 , V is changed into another Seifert hypersurface 
W for K. Then the framed link representation of W is as follows: Take the (a, a)-torus 
link C S 3 . The framing of one component is zero. The other component is the dot circle 
(see [13] for the dot circle). Then W is a rational homology ball. 

The following figure is the a = 2 case of W. 



w 




Hence the following hold. The positive 2-Seifert matrix associated with W is 'empty'. 
The negative 2-Seifert matrix associated with W is 'empty'. Hence the 2- Alexander 
matrix associated with W is 'empty'. Note that the Z[i, t _1 ]-balanced class of the deter- 
minant of the 2- Alexander matrix 'empty' is that of 1. Note that the linear map defined 
by a 1-Alexander matrix associated with W is injective. Note that the Z[t, £ -1 ]-balanced 
class of the determinant of the 2- Alexander matrix 'empty' is NOT that of a 2 t. (Recall 
that we define a G N — {1}-) 

This completes the proof. □ 

12. Proof of Theorems in §S] 
We use the following proposition. 

Proposition 12.1. Let K be an n- dimensional closed oriented submanifold C S n+2 . 

(1) S p+l {K ® [2]) = {-l)^S p {K) ® So([2]) 

(2) N P+1 (K <g) [2]) = (-lY n ~^N p (K) <g> jV ([2]) 

(3) 5b([2]) = (l). 

(4) JV ([2]) = (-1). 

(5) S u - 1 (®»[2}) = (-1)^. 

Note that ® v [2\ is a (2u - 3) -submanifold C S 2 "' 1 . 

(6) S P+U (K ®" [2]) = (-l)MH-*^ S P (K) 

(7) S P+2 ^(K (g)^ (the Hopf link)) = (—1)^S P (K). (Let v = 2/x in (6).) 
Let a, (3 be disjoint cycles of dimension p and q in S p+q+ . 
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(8) \k(a,/3) = (-l)^ +1 lk(/3,a). 

By §6 of [9] we have (l)-(7). By page 541 of [I4j we have (8). 

Proof of TheoremEHl Take 1-links K+, K_ C S 3 = OB 4 C B 4 . The 1-links, K+, K-, 
differ by only one crossing- change in a 3-ball A trivially embedded in S 3 as shown below. 




AC\K+ AnK_ 
Take a Seifert hypersurface V+ (resp. VJ) for the 1-link K + (resp. KJ) such that the 

submanifolds, V + , V_, differ only in the 3-ball A C 5* 3 as shown below. 




^4 n v+ 4 n v 

Push 7+ (resp. VJ) into £> 4 , fixing ~dV + = K + (resp. <9V1 = KJ), call the submanifold 
C B 4 , V[_ (resp. 71). 

Suppose that the submanifolds, V(, V_, differ only in the 4-ball A x [0, 1] C -B 4 , where 
Ax{0} = Ac S 3 . 

Note that A x [0, 1] and B 4 - ((Int A) x [0, 1)) are diffeomorphic to the 4-ball. The 
submanifold A x [0,1] (resp. B 4 - ((Int A) x [0,1)) ) is called Bj (resp. B 4 Q ). The 
submanifold B\ PI -Bq is called -B 3 . 

Let -B 2 = {(s,y) G M 2 |a; 2 + y 2 J 1}. Then there are smooth maps /+ : B 4 — > B 2 
and /_ : B 4 — > B 2 with the following properties. (Because: Use the Thorn- Pontrj agin 
construction.) 

(1) The submanifold fz: 1 ((0,0)) C B 4 is V[. 
The submanifold fZ 1 ((0,0)) C B 4 is VJ 

(2) /+|b* = 

Make the knot products ® (the empty knot [2]) and if_ ® (the empty knot [2]). 

See Definition 15.11 and |9|. The knot product K* <S> (the empty knot [2]) is defined 
as follows (* = +,—). Take a smooth map g : B 2 — > B 2 such that 
(rcos#, rsin#) t— > (rcos2#, rsin2#), where we use the standard polar coordinate. 
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Then g\dB 2 =s 1 '■ S 1 — > S 1 is the empty knot [2]. 

Let M* = {(x,y) G B 4 x -B 2 |/*(a;) — g(y) = (0,0) e 5 2 }. 

The 3- dimensional closed oriented submanifold dM* C <9(5 4 x i? 2 ) = S 15 is the knot 
product K* <g) [2]. 

Since /+| B 4 = /_| B 4 , we have M + n (.B 4 , x B 2 ) = M_ n (.B 4 , x 5 2 ). (They are identical 
as subsets C B Q x B 2 .) Therefore we have 

dM + n (£ 5 n (B& x B 2 )) = dM_ n (£ 5 n x 5 2 )). (They are identical as submanifolds 
C S 5 f] (B 4 q x B 2 ).) 

Note that S 5 is the union of S 5 n (.B 4 , x E 2 ) and £ 5 n (S| x B 2 ). Note that S 5 n {B% x fi 2 ) 
and S 5 n (Bj x 5 2 ) are diffeomorphic to the 5-ball. S 5 n (S 4 , x 5 2 ) (resp. S 5 n (Bj x B 2 )) 
is called _Bq (resp. Bj). 

Note that the intersection of B Q =S 5 n x 5 2 ) and 5f =S 5 n {Bj x E 2 ) is 
S b fl (Sp x 5 2 ), is diffeomorphic to the standard 4-sphere, is called S*. 
Furthermore, the fact = /-|b* claims the following. 

(1) g> [2]) ni% = <g> [2]) ni%. (They are identical as submanifolds C^ .) 

(2) (K + ® [2]) n^ = <g) [2]) n S 4 . (They are identical as submanifolds C S 4 .) 

By [SI E], the diffeomorphism type of (#+ <g» [2]) n 5f (resp. <g) [2]) n 5f) is the 
2- fold branched cyclic covering space of the 3-ball A along the two arcs K + fl A (resp. 
K- n A). It is the solid torus. 

By [Bl EJ, the diffeomorphism type of (K+ <g> [2]) n S 4 (resp. (K_ <g> [2]) n S*) is the 
2-fold branched cyclic covering space of the 2-sphere dA along the four points K + fl OA 
(resp. K- fl cL4). It is the torus. 

By [SI |9] , we have the following. 

(1) There is a Seifert hypersurface W* for if*® [2] C S 5 (* = +, — ) which is diffeomorphic 
to the 2- fold branched covering space of B A along V£. 

(2) Take the identity map id : S Q — >■ Sq. Then id|#5 is the identity map: -Bq — )■ -Bq. 
Furthermore, icf(W + D Bq) = W~ D 5 Q . 

When we push off K C S 3 into .B 4 , we can suppose the following. 
Let p : V* x [0,1] -> 5 4 (0 ^ t ^ 1) be the isotopy. Then (A x [0,1]) n 0(V*,t) is 
diffeomorphic to A(~)V* for any t. Furthermore, (ADVA x [0, 1] = (Ax [0, l])n/3(K, [0, 1]). 
(They are identical as submanifolds C B 4 .) 

By E], the diffeomorphism type of V[ n Bj and that of V'_ H B 4 are same and are 
diffeomorphic to A n V*. Recall Bj = A x [0, 1]. The submanifold n A x {0} and 
V!i H A X {0} are equivalent to the two arcs in A in the first figure in this Proof. 

The diffeomorphism type of W+ H B\ and that of W- H B\ are same. By E] , W* fl £f 
is diffeomorphic to the 2- fold branched covering space of .B 4 along H Bj (* = +, — ). 
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Hence W* n.Bf is diffeomorphic to the 4-ball for each case * = +,* = —. The intersection 
of the 4-ball D B\ and dB\ = S 4 is the solid torus whose boundary is (K <g> [2]) n S 4 . 

Therefore we can regard W* fl B\ as an embedded 4- dimensional 2-handle (c B\ 
C S 5 ) which is attached to W* D 1% along the solid torus W* D = W t D 5^. The 
diffeomorphism map of * = + is same as that of * = — . 

Since K + and X_ differ by only one crossing-change, there is a Seifert matrix X* 
= (x*j) for X* with the following property (* = +.— ). 

{4 = 4 if'ki) T^(M)- U'eN-{0}. 

By [H [9] and Proposition 112. 1} we can suppose that the v x i/-matrix — X* = (—x*j) 
is a 2-Seifert matrix for X* <g> [2]. 

Recall the definition of twist-moves in §4J By the above two paragraphs, X + ® [2] and 
X_ eg) [2] differ by one twist-move. 

This completes the proof. □ 

Note. The above proof is the m = 0, v = 1 case of the Proof of Theorem 18.31 

Proof of Theorem 18.21 This proof is the m = case of Proof of Theorem 18.31 □ 

Proof of Theorem 18.31 We first prove the v — 1 case. 

Take (2m + l)-dimensional oriented closed submanifolds X + ,X_ C S 2m+3 = dB 2m+A 
C B 2m+A . The (2m + l)-dimensional oriented closed submanifolds, X + ,X_, differ by 
only one twist-move in a (2m + 3)-ball A trivially embedded in S 2m+3 . See the left 
two figures in the upper half of Figure |U5. Take a Seifert hypersurface V + (resp. V_) 
for the (2m + l)-dimensional oriented closed submanifold X + (resp. X_) such that the 
submanifolds, V+, V_, differ by only one twist-move in the (2m + 3)-ball A C 5* 2m+3 and 
that V*nA is the (2m + 2)-dimensional (m + l)-handle h*(* = +,—). See the definition of 
twist-moves in §HJ Push V + (resp. VI) into B 2m+4: , fixing dV + = X + (resp. <9V_ = X_), 
call the submanifold C B 2m+4 , V\_ (resp. V!_). Suppose that the submanifolds, V[,VZ, 
differ only in the (2m + 4)-ball A x [0, 1] C B 2m+4 , where A x {0} = A C S 2m+3 . Note 
that A x [0, 1] and B 2rn+i - ((hit A) x [0, 1)) are diffeomorphic to the (2m + 4)-ball. The 
submanifold A x [0, 1] (resp. B 2m+A - ((hit A) x [0, 1)) ) is called 5 2m+4 (resp. B 2 Q m+4 ). 
The submanifold B 2m+4 n B 2 ^ 4 is called 5 2m+3 . Let 5 2 = G M 2 |x 2 + y 2 ^ 1}. 

Then there are smooth maps /+ : 5 2m + 4 — >■ _B 2 and /_ : B 2m+4 — )■ I? 2 with the following 
properties. (Because: Use the Thom-Pontrjagin construction.) 

(1) The submanifold f+\(0,0)) C B 2m+4 is V|. 
The submanifold /^((O.O)) C 5 2m+4 is VI. 

( 2 ) f+\B 2 Q m + 4 = f-\B 2 Q m+4 

Make the knot products X + <g) (the empty knot [2]) and X_ eg (the empty knot [2]). 
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See Definition 15.11 and [8, 9J. The knot product K* £g> (the empty knot [2]) is defined 
as follows (* = +,—). Take a smooth map g : B 2 — > B 2 such that 
(rcos#, rsin#) i— > (rcos2#, rsin2#), where we use the standard polar coordinate. 
Then g\ dB 2 =s i : S 1 — > S 1 is the empty knot [2]. 
Let M* = {(x,y) G B 2m+4 x B 2 \f,(x) - g{y) = (0,0) G B 2 }. 

The (2m + 3)-dimensional closed oriented submanifold dM* C d(B 2m+4 x £? 2 ) = 5' 2m + 5 
is the knot product <g> [2]. 

Since /+| B 2 m+4 = we have M+ n (5 2m+4 xB 2 ) = M_n (5 2m+4 xB 2 ). (They 

are identical as subsets C B^J n+4 x B 2 .) Therefore we have 

dM + n (£ 2m + 5 n (S 2m+4 x B 2 )) = <9M_ n {S 2m+5 n (5 2m+4 x 5 2 )). (They are identical 
as submanifolds C S 2m+5 n (5 2m+4 x 5 2 ).) 

Note that S 2m+5 is the union of 5 2m+5 n(5 2m+4 x 5 2 ) and S 2m+5 n(B 2m+4 xB 2 ). Note that 
S 2m+5 n ( J B 2m+4 x B 2 ) and S 2m+5 n {B] m+4 x 5 2 ) are diffeomorphic to the (2m + 5)-ball. 
S 2m+b n (S 2m+4 x 5 2 ) (resp. S 2m+5 n (5 2m+4 x S 2 )) is called 5 2m+5 (resp. S 2m+5 ). 

Note that the intersection of I% m+5 =£ 2m + 5 n (5 2m+4 x B 2 ) and 
^2m+ 5 = £2 m +5 n ( 5 2m+4 x ^2) is £2m+ 5 n (^n+s x ^ ^ diffeomorphic to the standard 

(2m + 4)-sphere, is called 5 2m+4 . 

Furthermore, the fact f + \ B 2 m +A = f_\ B 2m+4 claims the following. 

(1) (K+ <g> [2]) n^ m+5 = (K- <g> [2]) n5 2m+5 . (They are identical as submanifolds 
C ^ m+5 .) 

(2) (K + ®[2])n5 2m+4 = {K„®[2])nS 2m+A . (They are identical as submanifolds C S 2m+A .) 



By [HIE], the diffeomorphism type of (K+ <g> [2]) n 5 2m+5 (resp. ® [2]) n J B 2m+5 ) 
is the 2-fold branched cyclic covering space of the (2m + 3)-ball A along K + fl A (resp. 
K_ n A). It is diffeomorphic to S m+1 x J B m+2 . 

By P E], the diffeomorphism type of (#+ ® [2]) n S 2m+4 (resp. (K- g> [2]) n 5 2m+4 ) 
is the 2-fold branched cyclic covering space of the (2m + 2)-sphere dA along K + fl dA 
(resp. AT_ n &4). It is diffeomorphic to S m+1 x S m+1 . 

By [HI IS] , we have the following. 

(1) There is a Seifert hypersurface W* for eg) [2] C S 2m+5 (* = +, — ) which is diffeo- 
morphic to the 2-fold branched covering space of B 2m+A along V*. 

(2) Take the identity map id : 5*Q m+5 — > S*Q m+5 . Then id\ B 2m+n is the identity map 
B 2 m+5 5 2m + 5 . Furthermore, zci(iy + n 5 2m+5 ) = W- n 5 2m+5 ° 

When we push off V* C 5" 2m+3 into _B 2m + 4 , we can suppose the following. 
Let : K x [0, 1] ->■ £ 2m+4 (0 ^ t ^ 1) be the isotopy. Then (A x [0, 1]) n p(V„t) is 
diffeomorphic to AnK for any t. Furthermore, (AnV*) x [0, 1] = (Ax [0, l])np(V m , [0, 1]). 
(They are identical as submanifolds C B 2m+A .) 
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By [SI E], the diffeomorphism type of V'+ n B 2m+4 and that of V'_ H B 2 j m+4 are same 
and are diffeomorphic to Af)V*. Recall B] m+4 = A x [0, 1]. Recall that the submanifold 
V^nAx {0} (resp. VLnAx {0}) in A x {0} is K + n A (resp. X_ n A) in A. 

The diffeomorphism type of H + n B 2m+5 and that of W- n £f" +5 are same. By [9], 
VF* fl _B 2m+5 is diffeomorphic to the 2-fold branched covering space of B 2m+4 along 
VI n ^ m+4 (* = +,-). Hence n 5f m+5 is diffeomorphic to the (2m + 4)-ball for 
each case * = +,* = -. The intersection of the (2m + 4)-ball and dB 2m+5 = S 2m+4 j s 
diffeomorphic to S m+1 x B m+2 whose boundary is {K m ® [2]) n S^ m+4 . 

Therefore we can regard H 7 * fl B 2m+b as an embedded (2m + 4)-dimensional (m + 2)- 
handle (c B 2m+5 C £ 2m+5 ) which is attached to W* n i% m+5 along n &B 2m + 5 
= W* fl S^ n+ . The diffeomorphism map of * = + is same as that of * = — . 

Since K + and K- differ by only one crossing-change, there is an (m + 1)-Seifert matrix 
X* = (x*j) for X* with the following property (* = +.— ). 

{4 = 4 Ah]) UeN-{0}. 

By [HI [9] and Proposition 112. 1\ we can suppose that the v x i/-matrix —X* = (— x*j) 
is an (m + 2)-Seifert matrix for <g> [2]. 

Recall the definition of twist-moves in £JD By the above two paragraphs, K + ® [2] and 
X_ £g> [2] differs by one twist-move. 

Next we prove the v > 1 case. 

If the '2m = 2a and v — V case is true, then the '2m = 2a + 2 and v — V case is true. 
Hence '2m = 2a and z/ = 2' case is true. By the induction, Theorem 18.31 is true. □ 



Here, we prove the following Proposition I12.2[ which is used in CHI 
Suppose that two (2m + l)-dimensional oriented closed submanifolds C S 2m+3 , K + and 
X_, differ by one twist-move. By Theorem 18. 3[ 

the (2m + 2z/ + l)-submanifolds C S 2m+2u+3 , K + ® v [2] and X_ ® u [2], differ by one twist- 
move in a (2m + 2v + 3)-ball A. Then there is a unique closed oriented (2m + 2v + 1)- 
submanifold K® C S 2m+2u+3 such that a triple (X+ ® u [2], X_ ®" [2], Kf) is related 
twist-move in A. Note that the equivalence class of the submanifold K® C S 2m+2u+3 is 
determined uniquely. Note that we have the following. Take W+ = W- as in the 
(2m + 2v + 1) case of Proof of Theorem 18.31 Then 

d(W + - lntB 2m+2v + 3 ) = d{W_ - lntB 2m+2u+3 ) in S 2m+2u+3 is K® C S 2m+2u+3 . Then we 
have the following. 

Proposition 12.2. The (2m + 2v + I) -submanifolds C S 2m+2i/+3 ; 
X® anc ^ -^0 ®^ empty knot [2]), are equivalent. 



Proof of Theorem 112.21 It suffices to prove the v = 1 case. 
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Take M+ n (S 2m+5 n {B 2 ™ +A x B 2 )) = M_ n (S 2m+5 n (52 m + 4 x B 2 )) in the above Proof 
of Theorem E31 By the construction, the submanifold M* D d(S 2m+5 n ( J B 2m+4 x 5 2 )) in 
3(S 2m+5 n (E 2m+4 x £ 2 )) (* = +, -) is K® and K ®» [2] C S 2m+2u+3 . □ 



Proof of Theorem 18.41 

Proof of Theorem 18.41 (1). Take the 1-knot K in the following figure. 




By [32], K is a nontrivial knot. Note that the unknotting number of K is one. 
By PE] and Proposition DXH the (2v + l)-submanifold K ® u [2] C S 2u+3 has a Seifert 
hypersurface V with the following conditions. 

(1) V has a handle decomposition 

(a (2v + 2)-dimensional 0-handle)U((2z/ + 2)-dimensional (y + l)-handles), where there 
may be no (2u + 2)-dimensional [y + l)-handle. 

(2) A Seifert matrix S associated with V is ( 3. ^ ] or ^ 



v o oy ^ o o 

Note that S 1 + (— l) l,+1 ( i S) represents the intersection product of H u+ i(V; Z)/(Tor). 
Since the determinant of S + ( — (S) is +1 or —1, dV = K ® u [2] is a homology 
sphere. Recall v ^ 2. By (1) right above, 7riW = 1. By [2B], 5V is PL homeomorphic 
to the standard sphere. Hence the (2v + l)-submanifold K ® v [2] is a spherical knot. By 
(1) right above, the (2v + l)-knot K ® y [2] is a simple knot. 

Recall that the trivial (2u + l)-knot has Seifert matrices, ( _ _ ] and 



OJ \0 

By [IS], the (2z/ + l)-knot K ® u [2] is equivalent to the trivial knot. □ 
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Proof of Theorem 18.41 (2). Take the above nontrivial 1-knot K. Take the knot- 
sum K$K. By [HI E5] and the van Kampen's theorem, K$K is nontrivial. By [27], the 
unknotting number of K$K is two. 
Note (K$K) ® v [2] is the trivial knot. 

K%K is an example which we want. □ 
Proof of Theorem 18.41 (3). The pair of K and K%K is an example which we want. 
Because: if is a prime knot and K^K is not. Hence K is not equivalent to K$K. 
(K$K) ® v [2] and K ® v [2] are trivial knots and hence equivalent spherical knots. □ 

Proof of Theorem 18.41 (4). Let A be the trefoil knot (and hence a nontrivial 1-knot). 
By J6[ [25] and the van Kampen's theorem, A%K is nontrivial. By [27], the unknotting 
number of A%K is two. By % [9] and p3] , (A\^K)^(the Hopf link) and A®" (the Hopf 
link) are equivalent and nontrivial . By Theorem 18.21 A® M (the Hopf link) is obtained 
from the trivial knot by a twist-move. Hence (AfyK)®^ (the Hopf link) is obtained from 
the trivial knot by a twist-move. Hence A%K is an example which we want. □ 
Proof of Theorem 18.41 (5) . The pair of A and A%K is an example which we want. □ 

Proof of (*) in Note 18.51 Take the nontrivial 1-knot K in Proof of Theorem 18.41 The 
diffeomorphism type of K ® [2] is the 3-manifold which is the double branched covering 
space of S 3 along K (see [H [9].) It is not diffeomorphic to the standard 3-sphere (see 
[T8l [29].) K is an example which we want. □ 

In order to prove Theorem 18.61 we prove some propositions and a theorem. 

Proposition 12.3. Let I 6 N. Let K be a simple (21 + I) -knot. Then 
K ® (the Hopf link) is a simple knot. 

Proof of Proposition [12.31 By [8], [9] and Proposition ll2.ll if® (the Hopf link) satisfies 
the following. 

(1) A Seifert hypersurface has a handle decomposition of one (2/+6)-dimensional 0-handle 
and (21 + 6)-dimensional (I + 3)-handles, where there may not be (21 + 6)-dimensional 
(I + 3)-handles. 

(2) A (I + 3)-Seifert matrix Y associated with the above Seifert hypersurface is 
(— l)x (a (I + 1)-Seifert matrix of K). 

By these (1) and (2) and [2H], K ® (the Hopf link) is a spherical knot and a simple 
knot. □ 

Proposition 12.4. Let p e N. Suppose that K is a simple (2p + 5) -knot and that, if 
2p + 5 = 7, the signature of K is a multiple of 16. Then there is a simple (2p + l)-knot 
A with the following properties. 
(i) K is equivalent to A® (the Hopf link). 
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(ii) If X is a {p + 3) -Seifert matrix of K, then —X is a (p + 1)-Seifert matrix of A. 

(iii) The equivalence class of such a knot is unique. 

Proof of Proposition 112.41 Take a {p + 3)-Seifert matrix X of K. By [16J and 
Propsotion 112.11 there is a simple (2p + l)-knot A such that a (p + 1)-Seifert matrix is 
the matrix —X. By Propsotion 112.11 and 112.3} A g) (the Hopf link) is a simple (2p + 5)- 
knot such that a (p + 2)-Seifert matrix is the matrix X. By [16j, A £g> (the Hopf link) is 
equivalent to K. By [16], (iii) holds. □ 

Proposition 12.5. Let K be a 1-knot. Let fi E N. Then K Cg) M {the Hopf link) is a 
(4/x + 1)- dimensional simple knot {and hence a spherical knot). 

Proof of Proposition \T2~M By [SJ E] and Proposition [T2TT1 if ®^ (the Hopf link) 
satisfies the following. 

(1) A Seifert hypersurface has a handle decomposition of one (4/i + 2)-dimensional 0- 
handle and (4/i + 2)-dimensional (2/i + l)-handles, where there may not be (2/i + 1)- 
handles. 

(2) Let Y be a Seifert matrix of K. A Seifert matrix associated with the above Seifert 
hypersurface is Y or — Y . 

By (2) and the fact that K is diffeomorphic to the single circle, det (Y — t Y) is ±1. By 
this fact and the above (1) (2) and [2S], K ® M (the Hopf link) is a spherical knot and a 
simple knot. □ 



Proposition 12.6. Let K be a simple 5-knot. Then there is a 1-knot A such that K is 
equivalent to A® {the Hopf link). 

Proof of Proposition 112.61 Take a 3-Seifert matrix X of K. By using a Seifert 
surface, there is a 1-knot A such that a Seifert matrix is —X. By Propsotion 112.11 and 
112. 5[ A eg) (the Hopf link) is a simple 5-knot such that a 3- Seifert matrix is X. By [To] . 
A <S> (the Hopf link) is equivalent to K. □ 

Note. The equivalence class of A is not unique. There are countably infinitely many 
equivalence types of 1-knots of this property. Because: Use the nontrivial knot K in 
Proof of Theorem 18.41 Take knot-sums. 

Proposition 12.7. Let pel Let K be a simple (2p + I) -knot. Let J be a {2p + 1)- 

submanifold in S 2p+3 such that J is obtained from K by one twist-move. Then J is a 
simple knot. 

Proof of Proposition 112.71 By the definition of twist-moves, there is a (2p + 3)-ball 
B trivially embedded in 5* 2p+3 in which this twist-move is carried out. 

By using the Meyer- Vietoris exact sequence and the van Kampen's theorem, J is PL 
homeomorphic to the standard sphere. 
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Let N(J) (resp. N(K)) be the tubular neighborhood of J (resp. N(K)) in S 2p+3 . 
Then we have 

S 2p+3 -lntN(K) = (S 2p+3 -lntN(K)-lntB) U (a (2p + 3)-dimensional (p + 2)-handle). 
(S 2 P +3_ IntiV jj) = (52p+3_ IntiV (j)_ IntjB ) y ( a (2 P + 3)-dimensional (p + 2)-handle). 

By the definition of twist-moves, S 2p+3 -lntN(K)-IntB = S 2p+3 -lntN(J)-lntB. 

Since K is a simple knot, ni(S 2p+3 — IntN(K)) = Z. Use the van Kampen's theorem 
for the above unions. Hence ni(S 2p+3 — IntiV( J)) = Z. 

By using the Thom-Pontrjagin construction, we can prove that there is a Seifert hy- 
persurface Vk for K and Vj for J with the following properties. 

(1) Vk H £> (resp. Vj fl 5) is a (2p + 2)-dimensional (p + l)-handle that is attached to 
dB as explained in the definition of the twist-moves in §H 

(2) V K n (S 2p + 3 -Int 5) = Vj H (^+ 3 - Int B). 

Hence we have the following. Let j 6 N and i ^ p. there is an z-Seifert matrix 
(resp. Xjj) for K (resp. J) such that = Xu. Consider the homology groups, the 
homotopy groups, and the fundamental group of the infinite cyclic covering space for K 
(resp. J). Hence J is a simple knot. □ 

We prove the following theorem. 

Theorem 12.8. Let n e NU{0}. Let K be an n- dimensional closed oriented submanifold 
C S n+2 . Take a map 

K K <S>(the Hopf link) 

from the set of n-dimensional closed oriented submanifolds C S n+2 to the set of n- 
dimensional closed oriented submanifolds C S n+6 . 
Then we have the following. 

(1) Let K be a simple (21 + l)-knot (/ ^ 2, I 6 N). That is, suppose that the domain 
of the map is the set of simple (21 + l)-knots. Then the image of the map is the set of 
simple (21 + 5) -knots . Furthermore, the map 

{simple (21 + 1) -knots} — > {simple (21 + 5) -knots}. 

K i-> K <g> (the Hopf link) 

is a one-to-one map. 

(2) Let K be a simple 3-knot. That is, suppose that the domain of the map is the set 
of simple 3-knots. Then the image of the map is included in the set of simple 7-knots. 
Furthermore, the map 

{simple 3-knots} — > {simple 7-knots}. 

K H> K ® (the Hopf link) 

is injective but not onto. 

(3) Let K be a 1-knot. That is, suppose that the domain of the map is the set of 1-knots. 
Then the image of the map is the set of simple 5-knots. Furthermore, the map 
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{1-knots} — > {simple 5-knots}. 

K t-^ K ® (the Hopf link) 
is onto but not injective. The inverse image of any element by this map is an infinite set. 



Problem 12.9. What happens if we define the domain is another set in Theorem 1 12. 81 / 

Proof of Theorem [T2~T8l Proposition IT2T31 imply Theorem H22J(1). 

There is a simple 7-knot with the following property (*): 
(*) The signature is a multiple of 8 but not a multiple of 16. 
There is not a simple 3-knot with the above property (*). See [T6] . 

By these facts and Proposition 112. 3[ I12.4[ Theorem 112.81 (2) holds. 

Theorem 112.81 (3) follows from Proposition 112. 5\ \12.6\ Note to Proposition 112. 6\ and 
Theorem El □ 

Proof of Theorem 18.61 By Theorem I12.8[ K is a simple knot. By Proposition 112. 7\ 
J is a simple knot. 

Then there is a (p + 3)-Seifert matrix A (resp. Y) for J (resp. K) with the following 
properties. 

(1) A and Y are c x c matrices for a natural number c. 

(2) Let Xij denote (i, j)-element of X. Let yij denote (z, j)-element of Y. There is a 



Note that we can take Seifert matrices which satisfy the above conditions. If necessarily, 
carry out surgery on a Seifert hypersurface by handles embedded in S 2p+7 . 

By Propsoit ion 112.11 and Theorem 112. 8[ there are simple (2p + l)-knots K' and J' with 
the following properties. 

(i) J is equivalent to J' ® (the Hopf link). —X is a (p + 1)-Seifert matrix for J'. 

(ii) K is equivalent to K' <g> (the Hopf link). — Y is a (p + 1)-Seifert matrix for K'. 

(iii) The equivalence class of such a knot is unique. 

Therefore we can make a (2p + l)-dimensional simple knot J (resp. K) with the 
following properties. 

(I) A handle decomposition of a Seifert hypersurface is a set of a (2p + 2)-dimensional 
0-handle and (2p + 2)-dimensional (p + l)-handles, where there may not be a (2p + 2)- 
dimensional (p+ 1) -handle. 

(II) A Seifert matrix associated with this Seifert hypersurface is —X (resp. —Y). 

(III) J and K differ by a single twist-move and are nonequivalent. 



natural number a ^ c such that < lJ 
(3) A and Y are not S-equivalent. See 
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Because: Since J (resp. K) is PL homeomorphic to the standard sphere, we can realize 
(I) (II) (III) by using {p + l,p+ l)-pass-moves. 

By [IB] , simple (2p + l)-dimensional spherical knot J (resp. K) is equivalent to J 1 
(resp. K'). 

This completes the proof. □ 



13. Proof of Theorems in §9] 

Proof of Theorem 19.11 There is a Seifert matrix X (resp. Y) for the 1-knot J (resp. 
K). 

(1) X and Y are c x c matrices for a natural number c. 

(2) Let Xij denote (i, j)-element of X. Let denote (i, j)-element of F. There are natural 

numbers a, 6 < c such that a ^ b and that | ^ ^ !! ,?.\ , /' ?\ 3 -r /• -\ / /i \ 

t^ii = 2/ii !i 7^ and if (z,j) ^ (6, a). 

The (b, a)-element is determined by the (a, 6)-element. 

Note that we can take Seifert matrices which satisfy the above conditions. If necessarily, 
carry out surgeries on Seifert hypersurfaces by 2-dimensional 1-handles embedded in S 3 . 

By Proposition 112. 5[ J CS' 1 (the Hopf link) (resp. K ®^ (the Hopf link)) is a spherical 
knot and is a simple knot. 

We can make a (4/i + l)-dimensional spherical knot J' (resp. K') with the following 
properties. 

(1) A handle decomposition of a Seifert hyper surface is a set of a (4/x + 2)-dimensional 
(2/i + l)-handle and (4/i + 2)-dimensional (2/i + l)-handles, where there may not be 
(4/i + 2)-dimensional (2/i + l)-handles. 

(2) A Seifert matrix associated with the above Seifert hypersurface is (— 1) M X (resp. 

(-irn 

(3) J' is obtained from K' by a (2/i + 1, 2/i + l)-pass-move. 

Because: Since J (resp. K) is diffeomorphic to the single circle, we can realize (1)(2)(3) 
by using (2/i + 1, 2/i + l)-pass- moves. 

By [IS], simple (4/i + l)-dimensional spherical knot J' (resp. K') is equivalent to 
J ®^ (the Hopf link) (resp. K ®^ (the Hopf link)). 

By the construction of J' (resp. K'), J £g> M (the Hopf link) and K cg> M (the Hopf link) 
differ by one (2fi + 1, 2fi + l)-pass-move. □ 

Proof of Theorem 19.31 The pass-move does not change diffeomorphism type of sub- 
manifolds. However, J 0^ [2] and K ® M [2] do not have the same homeomorphism type 
in general by [HI IS]- Example: (The trivial l-knot)®[2] and (the trefoil knot)®[2]. □ 
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Proof of Theorem 19.51 Note I ^ 1. There is a Seifert matrix X (resp. Y) for the 
simple (21 + l)-knot J (resp. i^) with the following properties. 

(1) X and Y are c x c matrices for a natural number c. 

(2) Let Xjj denote (i, j)-element of X. Let denote (i, j)-element of Y. There are inte- 

r ^ i ,i / r ur i f #17 = %j — 1 if (z, ?') = (a, 6) 

gers a, o S c such that a ^ b. We have < J J ■<•)■■{/) . i -r /• -\ / n \ 

- - [ Xij = yij if (i,j) i- (a, 6) and if (z, j) 7^ (6, a) 

The (6, a)-element is determined by the (a, 6)-element. 

Note that we can take Seifert matrices which satisfy the above conditions. If necessar- 
ily, carry out surgeries on Seifert hypersurfaces by (21 + 2)-dimensional (/ + l)-handles 
embedded in S 2l+3 . 

By Proposition I12.3[ J £g>^ (the Hopf link) (resp. K ®^ (the Hopf link)) is a spherical 
knot and a simple knot. 

We can make a (2Z + 4/it + l)-dimensional spherical knot J' (resp. K') with the following 
properties. 

(1) A handle decomposition of a Seifert hypersurface is a set of a (2/ + 4/r; + 2)-dimensional 
0-handle and (21 + 4/i + 2)-dimensional (/ + 2/i + l)-handles. 

(2) A Seifert matrix associated with the above Seifert hypersurface is (—1)^X (resp. 
(-IYY). 

(3) J 1 is obtained from K' by a (I + 2/i + 1, 1 + 2/i + l)-pass-move. 

Because: Since J (resp. f^) is PL homeomorphic to the standard sphere, we can realize 
(1)(2)(3) by using (/ + 2/i + 1, 1 + 2/i + l)-pass-moves. 

By [IS], simple (2/ + 4/i + l)-dimensional spherical knot J' (resp. if') is equivalent to 
J ®^ (the Hopf link) (resp. K ^ (the Hopf link)). 

By the construction of J' (resp. K'), J ® M (the Hopf link) and K ^ (the Hopf link) 
differ by one (I + 2/i + 1, 1 + 2/i + l)-pass-move. □ 

Proof of Theorem 19.81 Take the nontrivial 1-knot K in the figure in Proof of Theorem 
18.41 Note that K is obtained from the trivial knot by one pass-move. □ 

Proof of (*) in Note 19.101 It is same as Proof of (*) in Note 18.51 □ 

Proof of Theorem 19.111 We need a proposition. 

Proposition 13.1. Let p 6 N. Let K be a simple (2p + l)-knot. Let J be a (2p + 1)- 

submanifold in S 2p+3 such that J is obtained from K by one (p + l,p + l)-pass-move. 
Then J is a simple knot. 

Proof of Proposition 113.11 By the definition of the (p + l,p + l)-pass-move, J is a 
spherical (2p + l)-knot. 

See the following figure. We can take two copies of the (p + l)-sphere Y"i and Y 2 in 
B 2p+3 C S 2p+3 with the following property. Y\ (resp. Y 2 ) is embedded trivially. The 
linking number of Y\ and Y 2 is one. Carry out surgeries along two (p + l)-spheres Y\ 
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and Y 2 by two (2p + 3)-dimensional (p + 2)-handles with the trivial framing on B 2p+3 . 
Then B 2p+3 becomes the (2p + 3)-ball again and S 2p+3 becomes the (2p + 3)-sphere again. 
Furthermore, the (p + l,p + l)-pass-move in the (2p + 3)-ball B 2p+3 is done. 

Since p ^ 1 holds and K is a simple knot, iXi(S 2p+3 - N(K)) = TTi(S 2p+3 - N(K)) for 
1 ^ i ^ p). (Use the van Kampen's theorem and the Meyer- Vietoris theorem on the 
complements and the infinite cyclic covering spaces.) Therefore J is a simple knot. This 
completes the proof of Proposition 113.11 □ 



S p x B p+X 




S p x B p+1 



By Theorem 112.81 K is a simple knot. By Proposition 113. 1[ J is a simple knot. By 
Proposition 112.61 and Theorem 112.81 there is a 1-knot J' to satisfy (i). 

By [12], K'^lthe Hopf link) and J'® M (the Hopf link) have the same Arf invariant. 

K'^(the Hopf link) 



By H|, a (2// + 1)-Seifert matrix of 



K' 



J'^(the Hopf link) 



is (dzl ) - a Scil'crl matrix of { ^ . Hence Arf (K') =Arf(J'). 

By Theorem 13.21 K' is pass- move equivalent to J'. Hence J 1 satisfies (i) and (ii). This 
completes the proof of Theorem 19.111 □ 

Note. Proof of Note to Theorem 19.111 Use the nontrivial knot K in Proof of Theorem 
18.41 Take a knot-sum as many times as we need. 

Proof of Theorem 19.121 By Theorem 112.81 K is a simple knot. By Proposition 112. 7\ 
J is a simple knot. 
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Then there is a (p + 3)-Seifert matrix X (resp. Y) for J (resp. K) with the following 
properties. 

(1) X and Y are c x c matrices for a natural number c. 

(2) Let Xjj denote (i, j) -element of X. Let ?/y denote (i, j)-element of Y. There are inte- 



Note that we can take Seifert matrices which satisfy the above conditions. If necessarily, 
carry out surgeries on Seifert hypersurfaces by handles embedded in S 2p+1 . 

By Proposition 112.41 and Theorem 112.81 there are simple (2p + l)-knots K' and J' with 
the following properties. 

(i) J is equivalent to J' £g> (the Hopf link). — X is a (p + 1)-Seifert matrix for J'. 

(ii) K is equivalent to K' <g) (the Hopf link). — Y is a (p + 1)-Seifert matrix for X'. 

(iii) The equivalence class of such a knot is unique. 

Therefore we can make a (2p + l)-dimensional simple knot J (resp. K) with the 
following properties. 

(I) A handle decomposition of a Seifert hypersurface is a set of a (2p + 2)-dimensional 
0-handle and (2p + 2) -dimensional (p + l)-handles, where there may not be a (2p + 2)- 
dimensional (p + l)-handle. 

(II) A Seifert matrix associated with the above Seifert hypersurface is —X (resp. —Y). 

(III) J and K differ by a single (p + l,p + l)-pass-move and are nonequivalent. 
Because: Since J (resp. K) is PL homeomorphic to the standard sphere, we can realize 
(I) (II) (III) by using (p + l,p+ l)-pass-moves. 



By [IS], simple (2p + l)-dimensional spherical knot J (resp. K) is equivalent to J' 
(resp. K'). 



Proof of Theorem 19.131 [SJ E] proved the following. Let V be a Seifert hypersurface 
for an n-dimensional closed oriented submanifold K C S' n+2 . Then there is a Seifert 
hypersurface W for the (n + 2)-submanifold K ® [2] C S n+4 such that W is diffeomorphic 
to 5 n+3 U B n+3 and that i? n+3 n B n+3 is diffeomorphic to V x [-1, 1]. 

Note that P has a Seifert hypersurface which is diffeomorphic to the punctured Poincare 
sphere. 

Therefore, by the above theorem in [3|9], the (2i/+2)-submanifold P®"[2] has a Seifert 
hypersurface Q which consists of a (2u + 3)-dimensional 0-handle, (2v + 3)-dimensional 
[y + l)-handles, and (2v + 3)-dimensional [y + 2)-handles. Note v ^ 2. By the van 
Kampen's theorem, 7Ti(dQ) = 1. By using the Meyer- Vietoris exact sequence, Q is a 
homology (2z/ + 3)-ball. By the van Kampen's theorem, Q is simply-connected. 




if (o,6) and if 7^ (6, a). 



This completes the proof. 



□ 
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By |2B1, Q is diffeomorphic to the (2u + 3)-ball. 

Hence P ® u [2] has a Seifert hypersurface which is diffeomorphic to the (2v + 3)-ball. 
Hence P ® u [2] is equivalent to the trivial knot. □ 



14. Proof of Theorems in ClTil 

Proof of Theorem 110. li By Theorem I5.3[ Theorem 110.11 follows from Theorem 110.21 

□ 

Proof of Theorem 110.21 By .ft'*® 1 ' [2] has a Seifert hypersurface V* with a handle de- 
composition of one (2z/+2)-dimensional 0-handle and (2z/+2)-dimensional (z/+l)-handles, 
where there may not be (2z/+2)-dimensional (z/+l)-handles (* = +, — ,0). Therefore the 
^-Alexander matrix t ■ S U (K + ® u [2]) — N U (K + ® v [2]) associated with V* is 'empty'. By 
Proposition 112.11 Su+\{K* ® v [2]) and N v+ i(K* ® v [2]) are square matrices. By Proposi- 
tion EIE1 the {v + 1)-Q[t,t _1 ]-Alexander polynomial of K* ® y [2] is the Q[t, t _1 ]-balanced 
class of the determinant of t ■ S u +i (K* ® u [2]) — N v+ x(K* ® u [2]) associated with V*- 
By m S U+1 (K* ®" [2]) = (-1)" K+i(K* ® v [2]). 

Hence the [y + 1)-Alexander matrix P u+ i(K^ ® v [2]) = (p|.) is equal to 
t ■ S v+l {K* ®» [2]) - N U+1 (K* ® v [2]) = t ■ S U+1 {K* & [2]) + {-l) v+l ■ t S u+1 (K, ® v [2]). 
By Proposition [mj (7), S V+1 (K* ® v [2]) = (-1)^ S X {K*). 

Since (K + , K_, K ) is a crossing-change-triple, Si(K*) = (— 1) a Sv+^K*®" [2])(* 
= +, — , 0) has the following property. 

(1) (-1)^ ^ +1 (K + ^[2]) = (4)and(-l)^ ^ +1 (^^[2]) = ( S r.)arepxp 
matrices. 

(-1)^ $, +1 (tf ® w [2]) = (4) is a (p - 1) x - 1) matrix (p ^ 2, p e N). 

(2) <p " = !■ 

(3) S J = sr. = 4 (l ^ p - l, l ^ j ^ p - l). 8 + = 4((i,j) ^ (p, p)). 

Note we can suppose that p—1 ^ 1 by using surgeries of Seifert hyper surf aces, if necessary. 

(— 1) ( 2 " P P+1 (K* ® u [2]) has the following properties (* = +, — , 0). 

(1) (-1)^ P u+ i(K+ ®" [2]) = (p+) and (-1)^ P V+1 {K. ®" [2]) = (p"-) are p x p 
matrices. 

(-1)^ P„ +1 (A: 8" [2]) = (p?.) is a (p - 1) x (p - 1) matrix, (p ^ 2, p G N). 

(2) p+ P -^ P = t+(-ir +i . 

(3) 4 = P« = Pij i 1 = 1 = P ~ 1 = 3 = P - X )- Ptj = Piji&j) ^ (P> P))- 
By calculus of determinants, 

detP u+1 (K + ® u [2]) - detP„+i(tf_ ® v [2]) = c(t + (-l)^ 1 ) • detP^+i^o ® v [2]) 

where c = ±1. 
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Hence Theorem 1 1 . 2 1 holds . Note that the Q[t, t ^-Alexander polynomial is a Q[t, t 1 ]- 
balanced class. □ 

Proof of Theorem 110.31 The '/ =even' case is proved in [23] . 
We prove the 7 =odd' case. 

There is a Seifert hypersurface K for K* (* = +, — , 0) such that (V + ,V^,V ) is related 
by a twist-move in B 2l+3 . 

Take Seifert matrices for K* associated with V* (* = +,—,0). Since (V+,V_,Vo) is a 
twist-move-triple, we can suppose that Si(K + ) = Si(K^) = Si(K ) and that 
N l (K + ) = Ni(K-) = NtiKo). 

Since K + is a spherical knot, the linear map which is defined by Si(K + ) — Ni(K + ) 
is injective. Hence the linear map which is defined by Si(K*) — Ni(K*) is injective 
(* = +,-, 0). 

Hence the /-Alexander matrix t ■ Si(K*) — Ni(K*) associated with V* is injective. By 
Proposition 16. 1\ Ai + i(K*) is the determinant of the (I + 1)-Alexander matrix 
P l+ i(K.) = t ■ S l+l {K*) - N l+1 (K,). 

Since (K + , Kq) is a twist-move-triple, Si + i(K*)(* = +,—,0) has the following 
property. 

(1) Si + i(K + ) = (sj) and Si +1 (K^.) = are p x p matrices. 
S l+1 (K Q ) = (4) is a (p - 1) x (p - 1) matrix, (p ^ 2, p e N). 

(2) 8+ - 8- = 1. 



(3) 4 = 4 = 4 (1 = ^ = P — 1> 1 = j = P — !)• 4 = ««((<, J) 7^ (p,p))- 



Note we can suppose that p— 1 ^ 1 by using surgeries of Seifert hypersurfaces, if necessary. 

We have P l+1 (K*) = t ■ S l+1 (K*) - N l+1 (K*) = t ■ S l+1 (K*) - (-1)' Since I is 

even, Pi +1 (K*) = t ■ Si+i(K*) + t Si + i(K*). Pi + i(K*) satisfies the following (* = +, — ,0). 

(1) Pi +1 (K + ) = (p+.) and P t+1 (K^) = are p x p matrices. 
P l+ i(K ) = (p°) is a (p - 1) x (p - 1) matrix (p ^ 2, p G N). 

(2) p+,-p- p = * + l. 

(3) pfj = Pij = Pij (1 ^ i ^ P - 1, 1 ^ j ^ P - 1)- pj = P7j((i,j) + (p, p))- 
By calculus of determinants, 

detP +1 (/i%) - detP m (K_) = (t + 1) • detP m (/io). 
Hence Theorem 12.111 holds. □ 

Proof of Theorem 110.41 Since (K + , Kq) is a twist-move-triple, there is a Seifert 
hypersurface V+ (resp. VI, Vo) for fT + (resp. K-,K ) such that 

Sj(^+) = = Si(K ) and = Ni(KJ) = Ni{K ) associated with V+, VI, V . 

Since is a spherical knot, we have that Si(K + ) and Ni(K + ) are square matrix and 
furthermore we can suppose that the determinant of Si(K + ) — Ni(K + ) is ±1. Hence we 
can suppose that the determinant of Si(K*) — Ni(K*) is ±1 (* = +, — , 0). 
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By 0, an (I + i/)-Alexander matrix P^K*) is ±{t ■ Si +l/ (K*) ± t Ni +v (K*)). If we let 
t = 1 or t = — 1, then the determinant of Pi +l ,(K*) is not zero. Note that Pi +V (K*) is a 
square matrix because K + is a spherical knot. Hence the linear map which is defined by 
Pi +U (K*) is injective. 

Hence the (7 + 1 + v)-Q[t, t _1 ]-Alexander polynomial is the Q[t, t _1 ]-balanced class of 
the determinant of Pz+i+^fC). 
We have the following. 

(1) P l+1+U (K + ® v [2]) = (p+) and P l+1+1/ (K^ ® v [2]) = (p7.) are p x p matrices. 
P l+ i + „(K ® v [2]) = (p°.) is a (p - 1) x - 1) matrix, (p ^ 2, p G N). 

(2) p+ p - p- p = c(t + where c = ±1. 

(3) pj = P~- = P°- (1 ^ « ^ P - 1, 1 ^ j ^ P - 1). Pij = P~j((i,j) ^ (p, p))- 
By calculus of determinants, 

detP l+1+v (K + & [2]) - destP l+1+v (K. & [2]) = c(t + (-l) m +<0 • detP l+1+v (K ® v [2]), 

where c = ±1. 

Hence Theorem 110.41 holds. □ 

Proof of Theorem 110.51 By [9], K*^(th.e Hopf link) has a Seifert hypersurface V* with 
a handle decomposition of one (4p+2)-dimensional 0-handle and (4p+2)-dimensional 
(2p+l)-handles, where there may not be (4p+2)-dimensional (2p+l)-handles (* = +, — , 0) 
By [9], there is a Seifert matrix S^+i ( if* ® M (the Hopf link) ) associated with V* which 
is equal to a Seifert matrix (— l^S^K*) for the 1-knot K*. (Recall S*( ), N*( ) in 

SB) 

Since ®^ (the Hopf link) is a (4p + l)-submanifold, N 2(i+1 ( <g>^ (the Hopf link) ) 
=* 5*2 M +i ( ®^ (the Hopf link) ). Hence we can suppose that the absolute value of the 
determinant of a matrix which represents the intersection product 

H 2fl+1 (V + ;Z) x H 2fl+1 (V+;Z) ->■ Z (resp. H 2tl+1 (V-; Z) x # 2m+1 (V_;Z) ->■ Z) is one. 
Hence i£+ ®^ (the Hopf link) (resp. £8> M (the Hopf link)) is a homology sphere. 

By the above handle decomposition of V* and [28J , fT + ® M (the Hopf link) 
(resp. K_ Cg) 1 ' (the Hopf link)) is PL homeomorphic to the standard sphere. 

By Proposition I12.2[ 

(K + <g>^ (the Hopf link), fT„ <g>^ (the Hopf link), K ^ (the Hopf link) ) is a twist-move- 
triple. 

By Theorem 17. 3[ the proof is completed. □ 

Proof of Theorem 110.61 Proposition 112. ll implies the following. 

S p+l/ (K*®»[2]) = (-l) c S p (K*). 

N p+U ( K* ® u [2] ) = (-1) C+U N P (K*). (* = +, -, 0. c is a constant integer.) 

Since K + , K_ are spherical knots and (K + , K_, K Q ) is a (p, g)-pass-move-triple, we 
have the following. 

There is a (p + ^-Alexander matrix 
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P p+U (K,®"[2]) = (-l) c {t-S p (K^ v [2))-(-iy-N p {K^[2))} = (p*.) with the following 
property. 

(1) P p+U (K + ® v [2]) and P p+ „(K_ ® v [2]) are p x p matrices. 
P P+U {K ® p [2]) is a (p - 1) x (p - 1) matrix, (p ^ 2, p e N) 

(2) P% P -p;, P = (-i) c {t + (-i) 1+u }- 

(3) PiJ = P tj —Pij (1 = ^ = P — 1; 1 = j = P — !)• = Pijdhj) ^ (P, P))- 

Note we can suppose that p — 1 > 1 by using a surgery of Seifert hypersurface, if necessary. 

By calculus of determinants, 

detP p+ „(K + ^ [2]) -detP p+v (K_ & [2]) = • (t+ (-l)^ 1 ) •detP^(^o® w [2]) (!), 

where £ is a constant integer. 

Take detP p+u (K* ® u [2]) for each *(* = +, — ,0). Here, there are the following three 
cases (i) (ii) (iii) . 

(i) Suppose de%P p+v {K* ® v [2]) ^ 0. Let p - 1 ^ n + 1 - p. Then K_ and K has 
a same (p — 1)-Alexander matrix t ■ S p ~i — N p ^\. The (p — 1)- Alexander matrix has the 
following properties. Note that t ■ S p -i — N p -x is a square matrix, t ■ S p -i — N p -x is a 
nonsingular square matrix. Because: K + and K- are spherical knots. Hence If t = 1, 
t ■ S p -i — Np-i = S p -i — iVp_i is nonsingular. 

By [9] , a (p + z/ — 1)-Alexander matrix P p+!/ _i for K* ® p [2] is one of ±{t ■ S p ^i ± A/ p _ 1 }. 

If t = 1 or i = — 1, P p+l/ _! is nonsingular. Hence P p+U _i is nonsingular. 

Hence the (p + p)-Q[t, t _1 ]-Alexander polynomial for ® v [2] is detP p+fl (K* ®" [2]). 

(ii) Suppose detP p+u (K* ®" [2]) ^ 0. Let p - 1 = n + 1 - p. A (p + v — 1)-Alexander 
matrix for K* ® u [2] defines an injective map because a (p — 1)-Alexander matrix for K* 
does. See the identity right above Proposition 16.21 

Hence the (p + u)-Q[t, t -1 ]- Alexander polynomial for K* is detP p+l/ (i^* ®" [2]). 

(iii) Suppose detP p+i ,(lf* (g) 1 ' [2]) = 0. Then the (p + z/)-Q[t, £ -1 ]-Alexander polynomial for 
K* ® p [2] is 0= detP p+u (K* ® p [2]). Here, note that we do not need to consider whether 
the linear map defined by a (p + v — 1)-Alexander matrix is injective or not. 

By the above (i), (ii), (iii) and the identity (!) several lines above here, the proof is 
completed. Note that the (p + v)-Q[t, t -1 ]- Alexander polynomial is a Q[t, t _1 ]-balanced 
class. □ 

15. Discussion and open problems 

We state a problem. 

Problem 15.1. Suppose that n-dimensional closed oriented submanifolds K and K' 
differ by one twist-move (resp. pass- move). Suppose that m-submanifolds-dimensional 
closed oriented J and J' differ by one twist-move (resp. pass- move). Then how do we 
characterize a relation between K <g> J and K' ® J'l 
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(Recall the following. Let n — 1. K and K' differ by one twist-move if and only if K 
and K' differ by one crossing- change.) 

Many variations of our results can be made. 
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